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ABSTRACT 
Appropriate modeling of Biochemical Oxygen Demand, BOD, is an important part of 
understanding the character of a wastewater.  Much necessary information is gleaned and 
extracted from the kinetic equation chosen for modeling, especially when a BOD model is 
included in a dissolved oxygen model.  Some information includes the ultimate level of BOD 
exerted, the rate the BOD demand for dissolved oxygen is exerted, and the critical time at which 
the minimum level of dissolved oxygen occurs.  Although widely used, the first-order kinetic 
BOD model is not suited for all situations.  In some instances, as is the case with constituents 
found in sugarcane factory effluent, wastewater may be best modeled using half-order kinetics.  
This study explores the characteristics and applicability of the half-order BOD model.  The first 
part of this study focuses on parameter estimation of the half-order BOD model through the 
design of an optimal sampling plan. The second and third parts of this study focus on the BOD 
and dissolved oxygen sag models for a variety of conditions:  the half-order BOD reaction by 
decay alone; the halforder BOD reaction that includes sedimentation or resuspension; and the 
half-order BOD that includes sedimentation or resuspension and benthic addition of BOD.       
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CHAPTER 1.  INTRODUCTION 
1.1  Theory and Importance of Modeling 
Understanding the characteristics of a wastewater and its ultimate influence on receiving 
waters has long been a goal for water quality modelers.  The accurate estimation of these 
properties is a necessity for insuring proper system design for meeting environmental quality 
standards.   
  Mathematical models provide a path for predicting these essential characteristics.  One 
such important characteristic is the biochemical oxygen demand (BOD).  The results of a BOD 
test of a wastewater are a representation of the organic content and the amount of oxygen 
necessary for its stabilization.  This direct relationship between BOD and DO gives rise to the 
ability of predicting DO levels.  Data from BOD tests also aid in the determination of system 
sizing in treatment facilities for meeting discharge standards (Metcalf and Eddy, 2003).   
1.2  Parts of Modeling  
 The BOD equation relates the change in BOD concentration over a period of time.  In 
order to calculate this variation over time the BOD equation requires knowledge of the reaction 
rate coefficient, k, and the BOD exerted at the initial time, L0.  An accurate estimation of these 
parameters is necessary for appropriate modeling of the BOD.   
 A BOD curve graphically represents time versus BOD concentration.  Some of the 
information depicted by the graph is the value of L0, located on the vertical axis where time is 
zero, and the change BOD concentration with increasing time, L(t).   
 The shape of the BOD curve varies with the rate constant chosen.  An increase in the 
value of k will cause the BOD curve to decrease or move downward as time increases.  If the k 
value is decreased the opposite occurs; the BOD curve becomes flatter as time increases.   
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 The DO consumption and reaeration curves reflect the properties of the parameters 
chosen to describe the BOD.  A graphic depiction of the relationship between DO and time 
reveals the minimum level of DO that is expected and the subsequent time this level is reached.  
The reaeration curve details the ability of the system to recover from the introduction of BOD. 
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CHAPTER 2.  OBJECTIVES AND SCOPE OF STUDY 
2.1  Objectives 
The primary objectives for this study were: 
 1.  To provide an experimental design optimizing a sampling plan for parameter 
estimation in a half-order BOD model.   
 2.  To develop a DO consumption model which would be applicable for a channel which 
conveys wastewater which decays according to half order BOD kinetics, including when BOD is 
removed or added by sedimentation or resuspension of solids, and BOD is added from benthic or 
sediment deposits. 
 3.  To develop a series of BOD concentration models for a stream in which the 
mechanisms for decreases in BOD strength depended upon decay, reaction order, sedimentation, 
resuspension, and interaction with benthic deposits. 
2.2  Scope 
The scope of the initial part of this study is focused on the design of an optimal sampling 
plan that is applicable to half-order BOD kinetics.  For the purpose of designing an optimal 
sampling plan for accurate estimation of the rate constants for a half-order BOD model Reinings 
(1967) data are selected to represent a sugarcane factory wastewater.  The scope of the DO 
consumption model component of this study focuses solely on wastewater described by half-
order kinetics.  The models developed take into account BOD decay, sedimentation, and 
resuspension and in some cases BOD addition by benthic deposits.  In case of the DO sag 
models, formulations are restricted to small streams and channels in which dispersion could be 
neglected (McCutcheon, 1989; Deng, et al., 2002). 
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CHAPTER 3.  PARAMETER ESTIMATION WITH OPTIMAL SAMPLING 
3.1  Introduction 
 Understanding the characteristics of a given wastewater is an important step in many 
aspects of water quality modeling as the models may be applied to wastewater treatment system 
design and estimating the environmental impact a discharged wastewater will have on receiving 
streams.  In order to make judgments and design decisions, it is necessary to identify parameters 
describing a wastewater.  Wastewaters may differ in their kinetic reactions and other parameters.  
The starting point in design of a wastewater modification system based on BOD removal is the 
BOD equation and its parameters so it is necessary to estimate the wastewater characteristics 
appropriately.   
 Experimental evaluation to determine kinetic parameters of a BOD reaction for a 
wastewater is a common practice in the field of water quality modeling.  Sampling and 
laboratory analysis of the samples are the critical steps in determining the characteristics of a 
wastewater.  These steps incur large costs.  Analyzing a large number of samples for wastewater 
characterization will inevitably excessively increase the engineering costs of water quality 
modeling.  It is necessary to bring the cost of water quality modeling to a reasonable level.  To 
do so, one must design a method for estimating parameters with a minimal number of samples.  
This study focuses on a method for designing experiments to estimate parameters by predicting 
the optimal times for sampling. 
3.2 Object to the Half-Order Optimal Sampling Plan 
The objective of this study is to design an optimal sampling plan that will provide an 
accurate estimation of the parameters in a nonlinear model.  Such a design will project sampling 
times which will in turn require less time and effort for parameter estimation.  Precise location 
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and number of the independent variables is detailed in the design.  Although measured with 
equal precision and accuracy, each observation will not contribute equally in parameter values.  
In many cases the location of the observations within the experiment is more critical than the 
number of observations for accurate parameter estimation (Berthouex and Brown, 2002).  The 
construction of a joint confidence region enables a visual representation of this concept. 
 The initial focus of this study is to evaluate BOD data using a half-order kinetic model 
for estimating the subsequent half-order parameters.  Half-order kinetic parameters based on the 
entire percent strength data set and for each individual run within the data set are calculated. This 
evaluation of data provides necessary information for the second part of this study.  The second 
part of this study starts with formation of an optimal sampling design.   In order for evaluation of 
the optimal sampling plan, the calculated half-order parameters obtained in the first part of this 
study are utilized. 
 Only part of the job of fitting and evaluating models is calculating accurate parameter 
estimations. These estimations must also be examined in terms of precision.  One way of 
detailing precision is by a joint confidence region.  The relative precision of the estimated 
parameters is signified by the size and orientation of the joint confidence region (Berthouex and 
Brown, 2002). 
3.3 Literature Review of Glucose and Glutamic Acid Experiments 
 Reining (1967) biochemical oxygen demand, BOD, test data represents measurements 
from multiple dilutions of the mixture of glucose and glutamic acid.  Reported as percent 
strength, a dilution of 90%, for example, is termed as having strength of 10%.  Percent strengths 
measured are 10, 20, 30, 40, 50, 60, 70, 80, 90, and 100.  The process of sampling for each 
strength is repeated for 10 runs.  Each run consists of five days of sampling.  Data is reported as 
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a percent strength of the BOD exerted at the fifth day of sampling for 100% strength, shown in 
Appendix A, Table A.1.  Data is easier to use in calculations after being converted from percent 
of the fifth day 100% BOD to actual daily measured readings, Table 3.1.   
Data for this study is from the BOD measurements of the mixture of glucose and 
glutamic acid obtained by Reining (1967).  In increments of 10%, samples of this mixture range 
from 10% to 100% strength.  For each percent strength ten tests are replicated.  Each test 
measures the BOD for five consecutive days.  Therefore, Reining (1967) provides experimental 
results that include fifty BOD measurements for each percent strength.   
Table 3.1.  Actual Daily Measurements of BOD Exerted, g/m3 
Day Strength 
(%) Run 1st 2nd 3rd 4th 5th 
1 17.6 19.1 21.1 21.9 24.6 
2 14.8 17.2 17.9 17.9 17.9 
3 12.9 18.2 18.2 19.0 19.4 
4 14.4 21.4 22.1 22.6 22.6 
5 10.5 17.8 19.4 19.8 19.8 
6 9.4 21.2 22.1 22.1 22.1 
7 15.3 19.4 19.8 19.8 22.6 
8 17.2 18.3 18.8 19.7 21.4 
9 10.5 15.4 16.2 17.7 19.1 
10 
10 16.3 18.1 21.2 22.7 27.0 
1 21.1 41.0 41.0 41.0 41.0 
2 29.9 34.3 36.0 37.4 39.0 
3 19.2 42.8 44.0 44.7 46.3 
4 20.4 46.1 49.2 49.7 59.3 
5 14.0 31.6 37.6 40.4 46.4 
6 20.2 37.7 43.2 45.1 51.3 
7 30.1 34.2 37.6 39.0 40.1 
8 19.0 21.9 31.5 42.3 42.5 
9 12.7 16.2 22.4 25.2 33.3 
20 
10 22.7 30.1 43.0 44.6 47.3 
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Table 3.1.  cont.  
 
1 43.9 58.0 63.6 65.0 65.0 
2 41.1 45.2 47.8 47.8 47.8 
3 29.5 56.6 58.8 59.4 61.2 
4 22.6 57.6 62.9 64.6 65.3 
5 13.1 44.7 52.7 57.0 65.8 
6 26.5 57.5 66.2 66.2 66.2 
7 17.8 47.9 65.0 70.9 82.1 
8 24.2 51.7 65.3 65.3 65.3 
9 44.9 49.1 57.1 62.4 67.3 
30 
10 43.5 58.0 63.1 66.9 74.5 
1 52.3 72.2 73.4 74.2 74.8 
2 74.5 74.5 78.4 84.7 89.8 
3 31.7 79.2 81.4 85.1 85.1 
4 20.9 84.7 97.4 100.3 101.0 
5 17.6 63.2 74.6 80.0 92.0 
6 24.8 68.1 77.1 81.4 91.1 
7 53.4 63.4 76.2 79.3 79.3 
8 41.1 68.9 86.2 94.0 95.4 
9 29.6 70.2 80.5 85.8 86.2 
40 
10 16.1 64.4 81.8 89.2 92.1 
1 53.7 101.7 102.5 105.8 108.7 
2 78.6 89.8 92.8 92.8 96.5 
3 28.3 90.3 101.8 101.8 106.1 
4 14.9 89.8 116.2 120.2 120.2 
5 24.5 80.6 100.2 102.6 115.7 
6 28.3 82.3 97.5 98.9 108.8 
7 58.8 100.5 114.0 121.8 121.8 
8 58.0 105.8 117.5 117.5 119.1 
9 29.6 72.2 86.4 89.7 94.0 
50 
10 20.7 76.3 109.3 110.4 110.4 
1 59.5 107.4 113.0 114.6 116.0 
2 97.2 112.3 115.1 123.0 128.8 
3 19.2 101.8 113.3 113.3 117.6 
4 10.6 84.0 122.4 134.4 141.6 
5 21.9 80.6 101.1 108.8 121.3 
6 27.1 99.1 119.4 130.6 141.5 
7 64.5 83.2 127.5 153.2 164.2 
8 35.7 89.5 106.5 135.1 148.1 
9 47.0 80.5 96.5 107.8 113.7 
60 
10 27.0 109.3 118.4 128.9 136.0 
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Table 3.1.  cont.  
 
1 46.7 105.8 130.2 139.8 141.5 
2 89.8 134.6 145.2 149.6 158.5 
3 31.7 130.3 147.1 149.3 156.2 
4 51.6 117.6 161.3 171.6 178.8 
5 50.7 123.0 135.9 144.9 162.1 
6 70.4 150.4 163.5 172.5 180.1 
7 69.8 119.2 135.7 145.9 150.5 
8 65.3 117.5 130.9 141.0 148.1 
9 33.5 70.2 96.5 110.6 125.2 
70 
10 34.1 113.7 128.2 133.8 138.3 
1 63.6 145.6 164.0 169.3 172.2 
2 119.7 161.2 164.7 172.1 179.6 
3 27.3 152.5 159.4 176.0 181.2 
4 84.0 113.0 178.8 196.3 200.4 
5 17.4 131.4 153.5 162.3 170.9 
6 37.0 139.8 172.5 185.4 194.4 
7 34.4 122.7 160.7 172.8 177.8 
8 28.7 92.8 126.0 159.3 166.9 
9 29.3 111.3 123.2 140.6 148.6 
80 
10 18.1 94.3 145.2 165.0 167.3 
1 67.9 165.2 171.2 176.7 183.7 
2 37.4 134.6 179.6 194.6 209.7 
3 32.9 126.5 189.1 189.1 189.1 
4 60.0 146.4 204.0 209.3 211.2 
5 43.0 131.2 166.6 184.0 210.7 
6 88.6 200.1 204.7 210.5 211.6 
7 54.9 155.0 171.0 187.6 196.1 
8 42.8 115.9 167.3 193.4 200.2 
9 45.8 112.7 134.6 156.0 172.6 
 
90 
10 39.0 118.4 168.1 189.6 203.6 
1 94.7 185.3 191.9 197.8 205.0 
2 67.3 194.4 216.9 223.9 232.0 
3 52.7 176.0 189.1 192.5 198.0 
4 30.5 154.6 206.2 231.4 240.0 
5 17.4 137.8 175.2 202.1 215.0 
6 53.1 150.4 177.1 208.2 230.0 
7 40.1 171.2 187.6 214.5 228.0 
8 54.5 145.9 191.1 216.4 235.0 
9 29.6 126.8 152.7 183.5 195.0 
100 
10 63.8 136.7 178.4 205.8 223.0 
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3.4 Literature Review of Glucose and Glutamic Acid Model Evaluation 
Laboratory studies of the BOD kinetics of various mixtures of glucose and glutamic acid 
by Reining (1967) provide data for BOD reaction models.  Adrian and Sanders (1992-93) 
reexamine a portion of Reinings data and show that it is described well by a half-order kinetic 
model.  Also, studies by Le and Adrian (2007) of the BOD data obtained from the mixture of 
glucose and glutamic acid are tested for goodness-of-fit to three BOD reaction models.  The 
models evaluated are a first-order model, a half-order model, and an order-n model by using root 
mean square error to test the goodness-of-fit.   The study reports that twenty-six percent of the 
samples fit the first-order model, sixty-three percent fit the half-order model, and eleven percent 
fit the order-n model.   
3.5 Optimal Sampling Plan Design 
 As a basis for the design of experiments for nonlinear parameter estimation, Berthouex 
and Brown (2002) are able to detail a method that yields accurate parameter estimates with a 
minimal sampling plan. They show that the optimization of a sampling plan weighs more heavily 
the location (time) of the observations than the number of observations taken.  Their design 
example is based on BOD data from a dairy wastewater which is described by a first-order 
model.  They do not present an example of an optimal experimental plan to estimate parameters 
in a half-order BOD model.   
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CHAPTER 4. DATA REDUCTION AND EVALUATION 
4.1 Study Data for Half-Order BOD Model 
 Based upon the results of previous studies, the half-order model can be assumed to more 
appropriately model the behavior of a wastewater that contains a mixture of glucose and 
glutamic acid, as in the case of a sugar factor wash-water.  For the purpose of studying BOD that 
follows half-order kinetics, the data obtained from experiments conducted on this mixture are 
used for model development.   
The equation for a half order model is 
2
2/12/1
0 2
)( 





−=
tkLtL
     
Reinings BOD data is plotted against the half-order model equation in Appendix A, 
Figure A.1.  This allows the ability to check the appropriateness of using a half-order model to 
describe the data. 
4.2 Non-Linear Least Squares Fitting 
 The Levenberg-Marquardt method for non-linear least squares is used for parameter 
estimation.  This method interpolates between the Gauss-Newton algorithm and the method of 
gradient search.  It is able to find the minimum of a function even if the process starts far from 
the minimum value.  The parameters estimated using this method are the half-order reaction rate 
constant and the initial BOD concentration.  This process is done by evaluating the entire data set 
for a particular strength then the process is repeated focusing only on data for each individual 
run.  The Levenberg-Marquardt method is also utilized for estimating parameters for the 
sampling plans. 
Parameter estimates for the entire set of data, 50 data points ranging from 1 through 5 
days, consider each point of data to contribute equally.  For parameter estimation for each 
(4.1)
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individual run within a percent strength, sampling times initially contribute equally.  After this 
initial estimation, resulting k1/2 and L0 values allow for calculation of the time when L(t) = 0, 
called the critical time, tc.  Based upon this critical time, the data is then divided into two 
categories, those before the critical time and those after.  This process is repeated for each run 
until k1/2, L0, and tc are calculated to a tolerance of 0.001.  The parameter estimations, k1/2 and L0, 
for the entire data set for each percent strength and for each individual run within a data set are 
displayed in Table 4.1 and Table 4.2 respectively along with corresponding critical times. 
 
Table 4.1.  Parameter Estimations for the Entire Data Set for the Samples Strengths 
 
Strength 
(%) 
k1/2 
g1/2/(m3/2 day) 
L0 
(g/m3) 
tc 
(days) 
10 2.536 22.489 3.740 
20 3.129 43.996 4.240 
30 4.005 66.732 4.080 
40 4.530 89.674 4.181 
50 5.041 111.949 4.198 
60 4.786 131.906 4.799 
70 5.640 153.697 4.396 
80 5.480 177.165 4.858 
90 5.762 199.607 4.904 
100 5.856 220.813 5.075 
 
 
Table 4.2.  Parameter Estimations for Individual Runs for the Samples Strengths 
 
Strength (%) Run k1/2 g1/2/(m3/2 day) 
L0 
(g/m3) 
tc 
(days) 
1 4.123 22.664 2.310 
2 3.747 18.581 2.301 
3 3.610 19.175 2.426 
4 3.709 22.643 2.566 
5 2.930 19.710 3.031 
6 2.925 22.340 3.232 
7 3.919 21.116 2.345 
8 4.159 20.728 2.189 
9 2.591 18.191 3.292 
10 
10 3.050 24.068 3.217 
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Table 4.2.  cont. 
 
1 4.539 41.436 2.837 
2 5.408 38.365 2.291 
3 4.105 45.575 3.289 
4 3.894 53.970 3.774 
5 2.643 45.128 5.083 
6 3.447 47.953 4.018 
7 5.310 39.320 2.362 
8 2.273 44.042 5.839 
9 1.614 35.136 7.345 
20 
10 3.190 46.101 4.256 
1 6.279 64.699 2.562 
2 6.201 49.728 2.275 
3 5.089 60.200 3.049 
4 4.342 65.606 3.731 
5 2.882 65.706 5.625 
6 4.539 66.966 3.606 
7 2.871 86.232 6.469 
8 4.119 66.190 3.950 
9 6.394 61.193 2.447 
30 
10 5.259 70.172 3.186 
1 7.156 75.726 2.432 
2 8.640 87.313 2.163 
3 5.274 85.418 3.505 
4 4.670 102.854 4.343 
5 3.445 91.792 5.562 
6 4.011 88.529 4.692 
7 6.470 77.304 2.718 
8 4.663 94.586 4.172 
9 4.588 86.466 4.054 
40 
10 3.702 94.422 5.250 
1 7.019 106.341 2.938 
2 8.698 97.701 2.273 
3 5.127 105.605 4.009 
4 4.512 124.614 4.948 
5 4.150 114.645 5.160 
6 4.549 106.539 4.538 
7 6.257 120.655 3.511 
8 6.777 118.625 3.214 
9 4.505 93.029 4.282 
50 
10 4.352 114.414 4.915 
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Table 4.2.  cont. 
 
1 7.201 115.062 2.979 
2 9.930 125.401 2.256 
3 5.045 118.564 4.316 
4 3.602 161.975 7.067 
5 3.910 123.305 5.680 
6 4.476 142.654 5.337 
7 4.326 169.743 6.023 
8 3.780 158.679 6.665 
9 4.824 110.780 4.364 
60 
10 4.958 135.669 4.698 
1 5.422 142.225 4.399 
2 8.739 150.591 2.809 
3 5.752 156.317 4.348 
4 3.602 161.975 7.067 
5 5.627 155.484 4.432 
6 7.134 176.000 3.719 
7 6.568 147.112 3.694 
8 6.429 143.247 3.723 
9 3.546 131.804 6.475 
70 
10 6.429 143.246 3.723 
1 6.937 171.869 3.780 
2 10.920 174.163 2.417 
3 5.755 182.864 4.700 
4 5.712 202.342 4.980 
5 5.148 174.029 5.125 
6 5.528 196.925 5.077 
7 5.228 182.039 5.162 
8 3.588 199.613 7.875 
9 4.783 149.240 5.108 
80 
 
10 3.921 193.979 7.104 
1 7.584 181.436 3.552 
2 5.121 216.832 5.751 
3 5.599 196.663 5.009 
4 6.285 215.641 4.673 
5 4.791 217.462 6.156 
6 8.891 211.608 3.272 
7 6.260 194.146 4.452 
8 4.711 215.033 6.225 
9 4.716 173.141 5.580 
90 
10 4.597 219.418 6.445 
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Table 4.2.  cont. 
 
1 8.935 199.936 3.165 
2 7.500 230.390 4.048 
3 7.200 197.883 3.908 
4 5.285 256.457 6.060 
5 4.525 239.793 6.844 
6 5.247 234.229 5.834 
7 5.818 229.467 5.207 
8 5.322 241.998 5.846 
9 4.541 208.937 6.366 
100 
10 5.318 226.448 5.659 
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CHAPTER 5. OPTIMAL SAMPLING PLAN DESIGN FORMULATION 
5.1 Maximizing Matrix   
 An optimal sampling plan for a half-order BOD reaction can be established to maximize 
sampling efficiency.  Berthouex and Brown (2000) outline a method for designing experiments 
for nonlinear parameter estimation.  This method involves the use of the derivative matrix, 
termed X, a n row by p column (n x p) matrix.  Each element of the matrix is a partial derivative 
taken with respect to the parameters  
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where p is the number of parameters contained in the model, and n is the setting of the locations 
of the independent variables, which is the number of experiments.  Solving this matrix and 
maximizing the result will give the optimal independent variables.   
When assumed accurate, the model equation for the half-order dissolved oxygen 
concentration can be used to determine the independent variables for a minimum number of 
experiments.  For example, suppose that from a sample size containing only 2 measurements of y 
at times t1 and t2 an optimal estimation of these two independent variables can be made.  What 
are the best times t1 and t2 to use to estimate the parameters?  Modifying the method presented by 
Berthouex and Brown, the two optimal sampling times can be predicted as follows by starting 
with the half-order BOD equation (Adrian and Sanders, 1992-93). 
(5.1)
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where L is the BOD remaining to be exerted at time t, L0 is at time zero, and k1/2 is the half-order 
rate constant.  L has units of g/m3 and k1/2 has units of (g/m3)1/2/day.  The dissolved oxygen (DO) 
consumed in the BOD reaction at any time is given by y = L0  L.  The half-order BOD equation 
gives the DO concentration as a function of time as 
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In this given situation, p, the unknown parameters L0 and k1/2, and n, the number of experiments, 
are both equal to two.  Using these facts, the partial derivatives with respect to the model can be 
solved.  
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The derivative matrix X
r
for n = 2 experiments is 2 × 2: 
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Maximize the determinant, ∆, of the X′ X matrix where X represents the transpose of matrix X 
     
XXMax ′=∆  
For the case n = p = 2: 
 
( )221122211 XXXX −=∆  
 
This quantity is maximized when ( )21122211 XXXX −  is maximized. 
(5.5)
(5.6)
(5.7)
(5.8)
(5.9)
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Where│ │means absolute value and ∆* is the maximized determinant.  Substituting the 
appropriate derivative elements gives 
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Multiply out equations 
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Multiply by 4L01/2 and divide by k1/22 
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5.2 Optimal Sampling Plan for Half-Order Kinetics 
Using the maximized function 1
*
t∂
∆∂
 solve for t2 in terms of t1  
12 2tt =  
Using the maximized function 2
*
t∂
∆∂
 solve for t1 in terms of t2  
21 2tt =  
In both cases the optimal sampling time is half of the maximized time.  The logical case is when              
2
2 2112
ttortt ==  
Both observations are only dependent upon one another.  An estimation of t2, the last 
time of sampling, can be made based on experimental data.  This value for t2 is sufficient for the 
determination of t1 by the optimal sampling relationship t1 = t2 / 2. 
 5.3 Optimal Sampling Plan Application  
 By observing the critical times, tc, calculated for each individual run, shown in Table 4.2, 
and the tc for the entire data set, appropriate t2 values can be ascertained.  In most cases, due to 
varying tc values for each run and the small amount of experimental data available, more than 
one tc value is considered.  For evaluation the value for t2 should be close enough to tc for the 
entire data set to accurately describe the sample.  Also, further reductions in sample size is made 
(5.16
(5.17
(5.18
(5.19
(5.20
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by excluding runs that have a tc less than t2 used in evaluation.  By appropriately selecting a t2 
value, the t1 value is deduced.  Since there are only 5 days in increments of 1 day that are 
measured, a decision must be made on how the data is to be divided.  If a t2 value of 5 is selected 
as the most appropriate for describing the data a t1 value of 3 is used; since there is no 
measurement taken at 2.5 days.  For t2 = 4, t1 is simply 2, and if t2 = 3, t1 is to be 1 day since 
there is no measurement taken at 1.5 days.  Values for t2 = 2 are not considered since this value is 
not well suited for the samples in question.  In order to find the optimal sampling plans for the 
mixtures of glucose and glutamic acid, a range of sampling plans are evaluated.  The sampling 
plans that are considered for the varying percent strengths and their resulting parameter estimates 
are shown in Table 5.1. 
Table 5.1.  Parameter Estimations for the Sampling Plans 
 
Sampling 
Times 
(day) 
Strength 
(%) 
t1 t2 
Runs 
Excluded 
k1/2 
g1/2/(m3/2 day)
L0 
(g/m3) 
tc 
(day) 
1 3 None 3.829 21.022 2.395 10 
1 3 1,2,3,4,7,8 3.194 19.838 2.789 
1 3 None 4.020 38.583 3.090 
1 3 1,2,7 3.291 40.809 3.883 
2 4 None 3.622 41.574 3.560 
2 4 1,2,3,4,7 2.782 40.112 4.553 
3 5 None 2.800 44.747 4.778 
20 
3 5 1,2,3,4,6,7,10 2.010 43.107 6.533 
1 3 None 4.610 61.058 3.390 
1 3 1,2,9 3.049 82.178 5.947 
2 4 None 4.621 64.018 3.465 
2 4 1,2,3,4,6,8,9,10 3.785 64.143 4.232 
3 5 None 3.708 67.198 4.422 
30 
3 5 1,2,3,4,6,8,9,10 3.107 74.718 5.564 
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Table 5.1.  cont.  
 
1 3 None 4.313 89.716 4.392 
2 4 None 5.308 87.055 3.515 
2 4 1,2,3,7 5.069 88.949 3.721 
3 5 None 4.281 90.141 4.435 
40 
3 5 1,2,3,4,6,7,8,9 3.913 92.085 4.904 
2 4 None 5.988 108.571 3.480 
2 4 1,2,7,8 5.473 104.459 3.735 
3 5 None 5.016 113.661 4.251 50 
3 5 1,2,3,4,6,7,8,9,10 4.530 116.007 4.755 
2 4 None 5.682 125.004 3.935 
2 4 1,2 5.267 127.056 4.280 
3 5 None 4.732 132.970 4.873 60 
3 5 1,2,3,9,10 4.425 144.236 5.428 
1 3 None 4.134 201.190 6.863 
2 4 None 6.729 147.612 3.611 
2 4 2,6,7,8,10 6.145 143.341 3.897 
3 5 None 5.483 155.464 4.548 
70 
3 5 1,2,3,5,6,7,8,10 5.013 152.041 4.919 
2 4 None 6.442 169.933 4.047 
2 4 1,2 5.905 171.351 4.434 
3 5 None 5.730 176.972 4.644 80 
3 5 1,2,3,4 5.432 171.228 4.818 
2 4 None 6.787 189.112 4.053 
2 4 1,6 6.009 191.225 4.602 
3 5 None 6.127 200.214 4.619 90 
3 5 1,4,6,7 5.713 197.699 4.922 
2 4 None 7.356 207.700 3.919 
2 4 1,3 6.846 211.447 4.248 
3 5 None 6.031 220.158 4.920 100 
3 5 1,2,3 5.595 224.720 5.359 
 
 
5.4 Joint Confidence Region 
A joint confidence region is a method of calculating the parameters within a percent 
confidence that best describes the data using the chosen model equation.  It is termed a joint 
confidence region because it considers the parameters as a pair.  The size and shape of the joint 
confidence region depicts the precision of the estimated parameters.  An equation for defining 
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the sum of square value that bounds the joint confidence region is given by Berthouex and 
Brown (2002). 
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where Sc is the sum of square contour, SR is the sum of the square residuals, n is the sample size, 
p is the number of degrees of freedom, and F is the percentage points of the f distribution.  The 
precision of the estimated parameters is determined by the size and shape of the joint confidence 
region.  The smaller the region the more precise the estimates are.  The shape of the region can 
tell if the sampling plan is informative.  The more asymmetrical a region appears the less 
informative the experiment is.  An elliptical region is a sign of a well designed experimental plan 
which provides uncorrelated, precise estimates (Berthouex and Brown, 2002).  
5.5  Application of the Joint Confidence Region  
The examples presented for this chapter apply the data obtained by Reining (1967) for 
application in a half-order kinetic model.  For each percent strength of sample, a variety of 
sampling plans are calculated using equation (5.20).  The two sampling plans with a critical time, 
tc, closest in value to that of the tc for the entire set of data (50 data points) are chosen for further 
evaluation. The accuracy of these better suited plans is compared to that of the parameters 
calculated for the entire set of data.   
Joint confidence regions are constructed to visually compare the relative accuracy of 
taking only two days of samples to that of sampling all five days.  Equation (5.21) is used to 
equate the joint confidence regions.  For the purpose of evaluating optimal sampling plans, first a 
single approximate joint confidence region is constructed for the entire data set for every percent 
(5.21
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strength.  Joint confidence regions for each sampling plan are constructed as well.  Combining 
both confidence regions, one of the entire data set and one for the sampling plan, provides a basis 
for evaluating the accuracy of the sampling plan.  The shape and relative location of the optimal 
sampling plans confidence region to that of the confidence region obtained for the entire data set 
provides the means for comparison.  The parameter estimates obtained by the Levenberg-
Marquardt method are also plotted within the region.  For this study a 95% approximate joint 
confidence region is used.   
5.5.1 Example 1:  10% Strength  
When the mixture of glucose and glutamic acid is diluted 90%, 10% strength, the BOD 
concentration is rapidly exhausted within the sampling time frame of five days.  The BOD 
critical time, tc, for the entire data set is only 3.740 days which is calculated from the parameter 
estimates k1/2 = 2.536 g1/2/(m3/2day) and L0 = 22.489 g/m3 using the Levenberg-Marquardt 
method for least squares parameter estimation, Table 4.1.   The approximate joint confidence 
region for the entire data set is shown in Figure 5.1.  From the shape of this region it can be seen 
that the estimate for k1/2 is more precise than that of L0 due to the wider spread along the L0 axis.   
For each individual run within this percent strength, tc ranges from 2.189 to 3.292 days, shown in 
Table 4.2.  For this reason t2 is better suited for a time of 3 days.  In the case of this particular 
mixture, the optimal sampling plans t1 = 1 and t2 = 3 days including all ten runs and t1 = 1 and t2 
= 3 days excluding runs with tc values less than 3 days both give relatively accurate parameter 
estimations when compared to the parameter estimates obtained by evaluating with the entire set 
of data.  The approximate joint confidence regions for both sampling plans are displayed in 
Figures 5.2 and 5.3.  The figures also contain the approximate joint confidence region for the 
entire data set. 
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Figure 5.1.  10% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
As shown in Table 5.1, the sampling plan for t1 = 1 and t2 = 3 excluding runs gives the 
best estimate of k1/2 = 3.194 g1/2/(m3/2day) and L0 = 19.838 g/m3 which results in tc = 2.789 days.  
For this plan only a total of 8 samples, 4 runs, are needed instead of 20 samples for sampling 
plan that includes all of the 10 runs.  The confidence region for this optimal sampling plan is 
spherical in shape.  This implies that both of the parameter estimates have similar precision. 
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Figure 5.2.  10% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 1 and t2 = 3 days, 20 data points, with corresponding tc in days. 
 
 
Figure 5.3.  10% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 1 and t2 = 3 days excluding runs, 8 data points, with corresponding tc in days. 
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5.5.2 Example 2:  20% Strength 
Increasing the strength of the glucose and glutamic acid mixture to 20% shows an 
increase in the BOD critical time, tc = 4.240 days, a value that suggests the BOD has been 
exhausted before the last sample is taken, set at day 5.  The tc values for the individual runs 
within the 20% data set range from 2.291 to 7.345 days with an average of 4.109 days.  For the 
entire data set the parameter estimates using the Levenberg-Marquardt method are k1/2 = 3.129 
g1/2/(m3/2day) and L0 = 43.996 g/m3.  The joint confidence region is shown in Figure 5.4.  This 
confidence regions shows that the estimate for k1/2 is slightly more precise than that of L0.   
 
 
 
 
Figure 5.4.  20% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
A review of Table 5.1 shows that the sampling plans for t1 = 1 and t2 = 3 days excluding 
runs and t1 = 2 and t2 = 4 days excluding runs give the best estimates when compared to the 
estimates obtained by evaluating with the entire set of data.  The sampling plan of t1 = 2 and t2 = 
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4 days excluding runs is the better of the two with only 10 samples, 5 runs evaluated.  The 
parameter estimates for this sampling plan are k1/2 = 2.782 g1/2/(m3/2day) and L0 = 40.112 g/m3 
with tc = 4.553 days.  Joint confidence regions for the sampling plans t1 = 1 and t2 = 3 days 
excluding runs and t1 = 2 and t2 = 4 days excluding runs are shown in Figures 5.5 and 5.6 
respectively.  The confidence region for the overall best sampling plan, t1 = 2 and t2 = 4 days 
excluding runs, is elliptical in shape with a similar amount of spread along both axes.  This 
implies that both parameter estimates have a similar amount of precision.  Compared to the 
confidence region for the entire data set, the region for the sampling plan is slightly larger in 
size. 
 
 
 
Figure 5.5.  20% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 1 and t2 = 3 days excluding runs, 14 data points, with corresponding tc in days. 
 
 
50 Data Points 
tc = 4.240
14 Data Points
tc = 3.883
L0 (g/m3) 
k 1
/2
 (g
1/
2 /(
m
3/
2 
da
y)
) 
 33
 
 
 
Figure 5.6.  20% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 2 and t2 = 4 days excluding runs, 10 data points, with corresponding tc in days. 
 
5.5.3 Example 3:  30% Strength 
When the strength of the glucose and glutamic acid is increased to 30% the tc for the 
entire data set occurs at 4.080 days with parameter estimates k1/2 = 4.005 g1/2/(m3/2day) and L0 = 
66.732 g/m3.  The approximate joint confidence region for the entire data set along with the 
parameter estimate using the Levenberg-Marquardt method is shown in Figure 5.7.  From this 
region it is concluded that the estimate for k1/2 is more precise than the estimate for L0.  
 
50 Data Points
tc = 4.240
10 Data Points
tc = 4.553
L0 (g/m3) 
k 1
/2
 (g
1/
2 /(
m
3/
2 
da
y)
) 
 34
 
 
 
Figure 5.7.  30% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
As shown in Table 5.1, the two better suited sampling plans are t1 = 2 and t2 = 4 days 
excluding runs and t1 = 3 and t2 = 5 days for all runs; Figures 5.8 and 5.9 respectively.  The 
sampling plan t1 = 2 and t2 = 4 days excluding runs gives the best estimate of k1/2 = 3.785 
g1/2/(m3/2day) and L0 = 64.143 g/m3 with only 2 runs evaluated, a sample size of 4.  The 
confidence region for this sampling plan is slightly larger than that for the entire data set.  The 
estimate for k1/2 appears to be more precise than the estimate for L0.   
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Figure 5.8.  30% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 2 and t2 = 4 days excluding runs, 4 data points, with corresponding tc in days. 
 
 
 
 
 
 
Figure 5.9.  30% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days, 20 data points, with corresponding tc in days. 
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5.5.4 Example 4:  40% Strength 
A further increase in the strength to 40% also results in a tc between 4 and 5 days.  The 
parameter estimates for the entire set of data are k1/2 = 4.530 g1/2/(m3/2day) and L0 = 89.674 g/m3 
which results in tc = 4.181 days.  The approximate joint confidence region along with the 
parameter estimate using the Levenberg-Marquardt method can be seen in Figure 5.10.  The 
region shows that the estimate for k1/2 is more precise than the estimate for L0.  
 
 
Figure 5.10.  40% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
In Table 3.4, the two better suited sampling plans are t1 = 1 and t2 = 3 days for all runs 
and t1 = 3 and t2 = 5 days for all runs.  Approximate joint confidence regions for both sampling 
plans are shown in Figures 5.11 and 5.12.  The sampling plan t1 = 1 and t2 = 3 days for all runs 
gives the overall best estimates of k1/2 = 4.313 g1/2/(m3/2day) and L0 = 89.716 g/m3 with tc = 4.392 
days.  The confidence region for this sampling plan is slightly larger than that of the entire data 
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set.  The region displays a much higher precision for k1/2 than for L0 which has a relatively large 
spread. 
 
 
 
Figure 5.11.  40% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 1 and t2 = 3 days, 20 data points, with corresponding tc in days. 
 
 
 
Figure 5.12.  40% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days, 20 data points, with corresponding tc in days. 
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5.5.5 Example 5:  50% Strength 
At 50% strength, the parameter estimates for the entire set of data are k1/2 = 5.041 
g1/2/(m3/2day) and L0 = 111.949 g/m3 which results in tc = 4.198 days, a value within the 
sampling time frame.  The approximate joint confidence region as well as the parameter estimate 
is shown in Figure 5.13.  From the shape of the region it can be seen that the estimate for k1/2 is 
more precise than that of L0.  
 
 
Figure 5.13.  50% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
According to Table 5.1, the sampling plans t1 = 2 and t2 = 4 days excluding runs and t1 = 
3 and t2 = 5 days for all runs give the most accurate estimates.  Sampling plan t1 = 2 and t2 = 4 
days excluding runs gives estimates k1/2 = 5.473 g1/2/(m3/2day) and L0 = 104.459 g/m3, while 
sampling plan t1 = 3 and t2 = 5 days for all runs gives estimates k1/2 = 5.016 g1/2/(m3/2day) and L0 
= 113.661 g/m3.  From this it is apparent that the sampling plan t1 = 3 and t2 = 5 days for all runs 
gives the overall best estimate with tc = 4.251 days.  Approximate joint confidence regions for 
both sampling plans can be seen in Figures 5.14 and 5.15.  The confidence region for the best 
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sampling plan, t1 = 3 and t2 = 5 days for all runs, is elliptical in shape and shows that the estimate 
for L0 is more precise than the estimate for k1/2.   
 
 
 
Figure 5.14.  50% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 2 and t2 = 4 days excluding runs, 12 data points, with corresponding tc in days. 
 
   
 
 
Figure 5.15.  50% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days, 20 data points, with corresponding tc in days. 
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5.5.6 Example 6:  60% Strength 
Increasing the strength of the glucose and glutamic mixture to 60% results in parameter 
estimates k1/2 = 4.786 g1/2/(m3/2day) and L0 = 131.906 g/m3 for the entire data set.  These 
estimates result in tc = 4.799 days.  The approximate joint confidence region for the entire data 
set along with the least squares parameter estimates is shown in Figure 5.16.  According to the 
shape of the confidence region the estimate for k1/2 is shown to have more precision than that of 
L0.  
 
 
 
Figure 5.16.  60% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
 The best sampling plans, according to Table 5.1, are t1 = 2 and t2 = 4 days excluding runs 
with k1/2 = 5.267 g1/2/(m3/2day) and L0 = 127.056 g/m3 and t1 = 3 and t2 = 5 days for all runs with 
k1/2 = 4.732 g1/2/(m3/2day) and L0 = 132.970 g/m3.  With a resulting tc = 4.873 days, sampling 
plan t1 = 3 and t2 = 5 days for all runs gives the most accurate estimate.  Approximate joint 
confidence regions for the sampling plans are displayed in Figures 5.17 and 5.18.   
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Figure 5.17.  60% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 2 and t2 = 4 days excluding runs, 16 data points, with corresponding tc in days. 
 
 
 
 
Figure 5.18.  60% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days, 20 data points, with corresponding tc in days. 
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5.5.7 Example 7:  70% Strength 
When the mixture is at 70% strength the parameter estimates are k1/2 = 5.640 
g1/2/(m3/2day) and L0 = 153.697 g/m3 with tc = 4.396 days.  The approximate joint confidence 
region for the entire data set and the least squares parameter estimates are shown in Figure 5.19.  
The confidence region appears to depict the precision for k1/2 and L0 to be approximately the 
same.   
 
 
 
Figure 5.19.  70% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
 
 By the results shown in Table 5.1, the sampling plans better suited for this strength are t1 
= 2 and t2 = 4 days excluding runs with k1/2 = 6.145 g1/2/(m3/2day) and L0 = 143.341 g/m3 and t1 = 
3 and t2 = 5 days for all runs with k1/2 = 5.483 g1/2/(m3/2day) and L0 = 155.464 g/m3.  
Approximate joint confidence regions for both sampling plans are displayed in figures 5.20 and 
5.21.  With tc = 4.528 days, the sampling plan t1 = 3 and t2 = 5 days for all runs comes the closest 
to the tc for the entire data set.  The size of the confidence region for this sampling plan is similar 
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to that for the entire data set.  The shape reveals that the estimate for L0 is less precise than that 
of k1/2.   
 
 
 
Figure 5.20.  70% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 2 and t2 = 4 days excluding runs, 10 data points, with corresponding tc in days. 
  
 
 
Figure 5.21.  70% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days, 20 data points, with corresponding tc in days. 
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5.5.8 Example 8:  80% Strength 
At 80% strength, parameter estimates for the entire set of data are k1/2 = 5.480 
g1/2/(m3/2day) and L0 = 177.165 g/m3 with tc = 4.858 days.  This tc indicates the BOD critical 
time still occurs within the sampling time frame.  The least squares parameter estimates along 
with the approximate joint confidence region is shown in Figure 5.22.  The confidence region 
shows that the estimate for k1/2 is more precise than that of L0.   
 
 
 
 
Figure 5.22.  80% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
 Of the sampling plans displayed in Table 5.1, plans t1 = 3 and t2 = 5 days for all runs, k1/2 
= 5.730 g1/2/(m3/2day) and L0 = 176.972 g/m3, and t1 = 3 and t2 = 5 days excluding runs, k1/2 = 
5.432 g1/2/(m3/2day) and L0 = 171.228 g/m3, are well suited for this particular percent strength.  
With only 6 runs evaluated, 12 data points, sampling plan t1 = 3 and t2 = 5 days excluding runs is 
the best suited.  This plan results in tc = 4.818 days which is very near the calculated tc for the 
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entire data set.  Approximate joint confidence regions for the two sampling plans are displayed in 
Figures 5.23 and 5.24.  The confidence region for the best sampling plan, t1 = 3 and t2 = 5 days 
excluding runs, is smaller and therefore provides more precise parameter estimates than the 
confidence region for the entire data set.  The shape of the region is elliptical and shows that the 
estimate for L0 is more precise than k1/2.    
 
 
 
 
Figure 5.23.  80% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days, 20 data points, with corresponding tc in days. 
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Figure 5.24.  80% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days excluding runs, 12 data points, with corresponding tc in days. 
 
5.5.9 Example 9:  90% Strength 
Parameter estimates for the entire data set for 90% strength are k1/2 = 5.762 g1/2/(m3/2day) 
and L0 = 199.607 g/m3 with tc = 4.904 days, a value just within the sampling time frame.  The 
approximate joint confidence region for the entire data set along with the least squares parameter 
estimates is shown in Figure 5.25.  Shown in the figure, the estimate for k1/2 is more precise than 
the estimate for L0 which has a relatively large spread.   
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Figure 5.25.  90% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
 From Table 5.1, sampling plans t1 = 3 and t2 = 5 days for all runs, k1/2 = 6.127 
g1/2/(m3/2day) and L0 = 200.214 g/m3, and t1 = 3 and t2 = 5 days excluding runs, k1/2 = 5.713 
g1/2/(m3/2day) and L0 = 197.699 g/m3, provide good estimates.  Sampling plan t1 = 3 and t2 = 5 
days excluding runs is the better of the two with tc = 4.922 days.  This plan takes into account 
only 6 runs, a sample size of 12.  Approximate joint confidence regions for the two sampling 
plans are displayed in Figures 5.26 and 5.27.  The confidence region for the best sampling plan, 
t1 = 3 and t2 = 5 days excluding runs, is smaller is size than that for the entire data set.  Its shape 
is elliptical with a smaller spread along the L0 axis so therefore it is more precise than the 
estimate for k1/2.   
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Figure 5.26.  90% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days, 20 data points, with corresponding tc in days. 
 
 
 
 
Figure 5.27.  90% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days excluding runs, 12 data points, with corresponding tc in days. 
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5.5.10 Example 10:  100% Strength 
At full strength, the parameter estimates for the entire set of data are k1/2 = 5.856 
g1/2/(m3/2day) and L0 = 220.813 g/m3.  The resulting tc for these estimates is 5.075 days which is 
slightly past the last day of the sampling time frame.  The approximate joint confidence region 
for this data set along with the least square parameter estimates is shown in Figure 5.28.  The 
shape of the region shows that the estimate for k1/2 is more precise than the estimate for L0.  
 
 
 
Figure 5.28.  100% strength approximate joint confidence region for all data points and the 
corresponding tc in days. 
 
According to Table 5.1, the sampling plans t1 = 3 and t2 = 5 days for all runs, k1/2 = 6.031 
g1/2/(m3/2day) and L0 = 220.158 g/m3, and t1 = 3 and t2 = 5 days excluding runs, k1/2 = 5.595 
g1/2/(m3/2day) and L0 = 224.720 g/m3, are both well suited for this high percent strength.  The 
sampling plan t1 = 3 and t2 = 5 days for all runs gives the closest estimate with tc = 4.920 days.  
Approximate joint confidence regions for the two sampling plans are displayed in Figures 5.29 
and 5.30.  A review of the confidence region for the best suited sampling plan, t1 = 3 and t2 = 5 
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days for all runs, is smaller and therefore has more precise estimates than that for the entire data 
set.  It can also be observed that the estimate for k1/2 is more precise than the estimate for L0. 
 
 
Figure 5.29.  100% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days, 20 data points, with corresponding tc in days. 
 
 
 
Figure 5.30.  100% strength approximate joint confidence region for all data points and for the 
sampling plan t1 = 3 and t2 = 5 days excluding runs, 14 data points, with corresponding tc in days. 
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5.6 Conclusions 
Calculations of the critical time based on mixtures of the glucose and glutamic acid show 
that the BOD is exhausted in its entirety within a relatively short period of time, usually less than 
five days.  A review of the critical times for each strength of sample shows that the critical time 
only exceeds five days in the case of 100% strength where tc = 5.075 days.   
At lower percent strengths of the mixture of glucose and glutamic acid, sampling plans 
taken at earlier times are more appropriate for estimating the rate constant and the ultimate BOD.  
For strengths ranging from 10% to 40% the optimal sampling plans are better suited at times t1 = 
1 and t2 = 3 days and t1 = 2 and t2 = 4 days, mainly excluding runs with the exception of 40% 
strength where all 10 runs were included.  Strengths of 50% to 100% are better modeled at 
increased sampling times.  In every case, the optimal sampling plan was t1 = 3 and t2 = 5 days, in 
some situations runs were excluded.  
Many trends in the data can be ascertained using approximate joint confidence regions 
for the evaluation in precision of the parameter estimates.  For the most part, joint confidence 
regions that take into account the entire set of data display k1/2 estimates to be more precise than 
estimates for L0.  Also, none of the confidence regions are unbounded or even highly 
unsymmetrical in shape.  In conclusion, the parameters are estimated with adequate precision to 
have sufficient predictive value (Berthouex and Brown, 2002). 
5.7 Recommendations 
 A wastewater which is best described by half-order kinetics necessitates planning an 
experimental analysis that is much different from experimental plans for municipal wastewaters.  
For future experiments, the initial evaluation should include sampling times that are taken in 
smaller increments than one day.  The overall trend in data resulting from this study suggests an 
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initial sampling time should be taken at one day followed by the next sampling closer to 1.5 
days.  Additional measurements should be taken at 2.5, 3, 3.5, 4, 4.5, and 5 days.  If a wastewater 
is suspected to be highly diluted sampling times for experimental analysis could be concentrated 
within a time frame of four days.  This will be the case when the wastewater is diluted in a body 
of water.  There is also a factor to keep in mind in determining the rate constant, in this study 
k1/2.  It is recommended that an asymptotic level is to be established for a precise estimate of the 
rate constant.  Berthouex and Brown (2002) suggest a final measurement at 15 to 20 days, 
although this measurement time is applicable for a first order reaction.  For this study a final 
sampling time of 7 days should be sufficient since the BOD for the majority of the strengths is 
estimated to be exhausted before the fifth day.   
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CHAPTER 6. OXYGEN CONSUMPTION FOR HALF-ORDER BOD REACTION 
6.1 Introduction 
Sugarcane farming is a major industry in south-central Louisiana where most sugarcane 
is cut and processed through sugar factories during the period October - December.  Harvesting 
methods have evolved from a traditional method, which was widely applied a few decades ago, 
in which cut sugarcane is dried in the field until the leaves are burned, then the sugarcane stalks 
are picked up for transfer to a sugar factory where the juice from the stalks is processed into raw 
sugar.  The traditional method of harvesting sugarcane is being replaced by a method in which a 
mechanical harvester strips the leaves from the stalk in the field, then cuts the stalk into short 
lengths for transfer to a sugar factory.  Sugarcane harvested in the older way picks up mud from 
contact with the ground after it is cut.  The mud is removed by washing at the sugar factory.  The 
sugarcane harvested by the newer method also goes through a washing operation at the sugar 
factory.  The wash-water contains a high suspended solids (SS) load and a high concentration of 
biochemical oxygen demand (BOD) as cane juice washes from cuts and breaks in the sugarcane 
stalk during the washing operation.   A Louisiana sugar factory operates continuously during the 
roughly three-month-long harvesting season and it uses a high flow rate of water for the washing 
operation; for example, a factory processing 5,000 ton of cane daily may have a wash-water 
flowrate of 9,000 gallons per minute.  Three types of washing operations may be used: a single 
pass system uses a raw water for washing, then the contaminated water is discharged to a 
treatment system before it goes to a receiving water; a recirculating system treats the wash-water, 
then reapplies the treated water to the washing operation; and a mixed washing operation bleeds 
off part of the contaminated wash-water for treatment and disposal and adds an equal amount of 
raw makeup water, while the majority of the partially treated wash-water is recirculated to the 
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wash-table.  The traditional harvesting method consumes less energy than the newer harvesting 
method, so both methods are expected to continue in use.  
Wash-water characteristics vary considerably between sugarcane factories after one pass 
across the wash-table, the location where sugarcane is washed.  The variability in SS and BOD is 
attributed in part to rainfall patterns during harvest, soil types, length of time the cut sugarcane 
remains in the field, and the type of harvesting equipment (Sutherland, 1992).  The wash-table is 
an effective reaeration device so the water leaves the wash-table with a near saturation DO 
concentration which soon drops due to continuing oxygen consuming biological reactions.  The 
pH drops if anoxic conditions develop after the water leaves the wash-table. 
Wash-water treatment methods can take advantage of the seasonal pattern of sugar 
factory operation especially if the factory is located in a rural area where large amounts of land 
may be incorporated into the treatment system.  Factories that apply their wash-water for only 
one pass across the wash-table incorporate sedimentation ponds for SS removal, then discharge 
to natural and diked wetlands for storage, stabilization and treatment (Batubara 1992).  Factories 
that apply recirculated water to the wash-table utilize a treatment train consisting of a 
sedimentation basin followed by discharge to a long channel that is aerated at several locations 
(Sutherland, et al. 1992).  Lime is applied at some plants for pH adjustment.  Sutherland, et al. 
(1992) describe a wash-water treatment operation that incorporates suspended solids removal, 
pH adjustment, and partial BOD removal.  The DO in the recirculated wash-water is raised by 
aeration units to avoid anaerobic conditions which risk consequent odor problems at the wash-
table.  As a result of the partial BOD removal, the BOD concentration of the recirculated wash-
water continuously increases during the months of factory operation, where it may reach a 
concentration of 5,000 mg/L by the end of the season.  After the end of the sugarcane factory 
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processing season the treatment system is operated until the wash-water is stabilized and is ready 
for discharge to a receiving water.  Discharge standards are set in a permit from the Louisiana 
Department of Environmental Quality.  Typical discharge standards call for the pH to be 
between 6 and 8, the SS to be less than 30 mg/L, the five day BOD to be less than 30 mg/L and 
the DO to be greater than 5 mg/L.  Solids may be removed by dragline from the sedimentation 
channel while the factory is operating or the solids removal may be delayed to the end of the 
sugarcane harvesting season if the sedimentation channel has sufficient storage capacity.  Sugar 
factory operation in Louisiana takes place during the fall and winter seasons when the 
temperature is too low for the wastewater to nitrify or for photosynthesis to take place.  Thus, 
better understanding of BOD removal kinetics and DO response to BOD dynamics becomes a 
major goal for a treatment system designer.  At the same time, the high SS concentration of the 
wash-water stream is influencing the BOD and DO behavior.  
6.2 Purpose and Limitation of Study 
The purpose of this study is to develop a DO consumption model which would be 
applicable for a channel which conveys wastewater which decays according to half-order BOD 
kinetics, when BOD is removed or added by sedimentation or resuspension of solids, and BOD 
is added from benthic or sediment deposits.  The BOD decay equation is developed for a stream 
when the wastewater stabilization rate is described by an empirical half-order kinetic reaction; 
there is sedimentation or resuspension of BOD, and addition of BOD from decaying benthic 
deposits.  Three dissolved oxygen sag models are developed: the first considers the half-order 
BOD reaction but ignores sedimentation or resuspension and benthic BOD addition; the second 
considers the half-order BOD reaction and sedimentation or resuspension; and the third model 
considers the half-order BOD reaction, sedimentation or resuspension and benthic addition of 
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BOD.  The first two BOD models show the BOD is consumed in a finite time period while the 
third model shows that after a long time a steady state BOD concentration is achieved.  
Examples are presented for sugarcane processing factory wastewaters to show the influence of 
rate parameters in the BOD equations and how these parameters affect the dissolved oxygen 
(DO) concentration. 
The model is restricted to seasonal applications in which DO consumption by nitrification 
and production by photosynthesis could be ignored.  In addition, the model is restricted to small 
streams in which dispersion could be neglected (McCutcheon, 1989; Deng, et al., 2002). 
6.3 Literature Review of Half-Order BOD Behavior 
Laboratory studies of the BOD kinetics of various mixtures of glucose and glutamic acid 
by Reining (1967) provide data for BOD reaction models.  Adrian and Sanders (1992-93) 
reexamined part of Reinings data and show that it was described well by a half-order kinetic 
model.  Because of the potential application of Reinings (1967) work to the sugar industry 
Sutherland (1992) examined BOD data for a recirculating wash-water treatment system 
described in Sutherland et al. (1992) and present data from which to calculate the rate constants 
for a half-order and a first order BOD model.  Le and Adrian (2007) also reexamine Reinings 
BOD data and find that approximately 63% fit a half-order model best, 26% fit a first order 
model best, and 11% fit a multi order model best.  Adrian and Sanders (1992-93) incorporate 
into a half-order BOD decay model a term proposed by Thomas (1948) to account for BOD 
removal by sedimentation and a term to account for BOD addition from benthic deposits.  They 
note that a characteristic of a half-order kinetic model is that the BOD concentration becomes 
zero in a finite time.  However, when decaying benthic deposits add BOD back into the 
overlying water, the concentration will approach a steady state value.  BOD kinetic models are 
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empirical models that are chosen based on their simplicity and their ability to give a reasonable 
fit to BOD data.  The empirical first order BOD kinetic model is widely used since the time of 
Streeter and Phelps (1925) to describe the impact of municipal wastewater on a stream.  There 
are spatial and time scale contrasts that should be taken into account when considering the 
transfer of municipal wastewater treatment experience to sugar factory treatment system design.  
A municipal sewage effluent is discharged every day without interruption to a receiving water, 
while a sugar factory operates only seasonally.  A sugar factory wash-water stream may be 
transported only a short distance from the factory to a treatment unit, and then the treated wash-
water may be reused, while a municipal wastewater treatment plant effluent is discharged to a 
receiving stream and may have impacts several tens of kilometers from the discharge location. 
Although a major goal of sugar factory wastewater treatment is to maintain an adequate 
DO concentration in the wash-water flow as it travels through the treatment system, little 
progress has been reported on developing a DO sag equation that is applicable for a half-order 
BOD reaction model.  The model proposed by Adrian and Sanders (1992-93) fills part of the 
need but their model was inadequate in its treatment of the effect on the DO concentrations of 
BOD removal by sedimentation and addition from benthic deposits.  In the absence of a suitable 
DO model that takes into account half-order BOD decay rates, the sugar industry has had to rely 
on the widely used Streeter and Phelps (1925) model in which BOD decay is treated as a first 
order reaction.  An equation obtained from a DO model which describes the changes in the BOD 
and DO concentrations with time is called a DO sag equation or a DO sag model 
(Tchobanoglous and Schroeder, 1985). 
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6.4 Half-Order BOD Model Formulation 
Adrian and Sanders (1992-93) present a half-order BOD reaction model based on Figure 
6.4 which includes terms describing BOD removal by sedimentation and BOD decay and 
addition of BOD by resuspension and benthic deposits.  Their model is modified to account for 
resuspension of solids to produce 
                                              arb LLkLkkdt
dL
+−−= 2/12/1)(         (6.1) 
where 
 L = the BOD concentration remaining, g/m3 
 t = time, day 
 kb = resuspension rate constant, day-1 
 kr = sedimentation rate constant, day-1 
 k1/2 = half-order BOD reaction rate constant, (g/m3)1/2/day 
 La = BOD addition rate from benthic deposits, g/m3/day. 
 The terms in equation (6.1) have the following meanings: -krL describes the loss of BOD 
by sedimentation, following the description of Thomas (1948); kbL describes the gain of BOD by 
resuspension or scouring of benthic sediments; -k1/2L1/2 describes the loss of BOD by decay; the 
term La describes the rate at which decaying bottom sediments or benthic deposits add BOD 
back to the water using the description of Rich (1973); and dL/dt gives the net rate of change of 
BOD.  La is taken as a constant.  The usual situation will have kb < kr, meaning that 
sedimentation is larger than resuspension.  However, there are important exceptions when the 
flow regime changes, such as during a time of flood, or when strong winds stir the water, such as 
during passage of a hurricane.  The solution to equation (6.1) has different forms for various 
relationships of the parameters kb, kr, and La.  Several special cases are discussed. 
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6.4.1 Case I:  BOD Removal by Decay Alone  
The solution to equation (6.1) for this case is 
   ( ) cttfortkLL ≤−= ,2/ 22/12/10         (6.2) 
where L0 = the BOD concentration in g/m3 when t = 0, Adrian and Sanders (1992-93).  Equation 
(6.2) shows that L = 0 when 
     
2/1
2/1
02
k
L
tc =           (6.3) 
This result is in contrast to the behavior of a first order BOD reaction for which t → ∞ before 
BOD = 0 (Tchobanogous and Schroeder, 1985).  For all t > tc, L = 0, otherwise equation (6.2) 
would show L increasing for t > tc.  Equation (6.2) is applicable to laboratory measurements of 
BOD which are run on filtered samples (no sedimentation or resuspension is present) and there is 
no benthic addition to BOD.  tc is called the critical time for the half-order BOD reaction. 
BOD Decay
 
Figure 6.1.  Stream profile representation of Case I BOD removal by decay alone 
6.4.2 Case II:  BOD Removal by Decay, Resuspension, and Sedimentation  
When BOD addition by resuspension and removal by sedimentation is retained, but BOD 
addition from benthic deposits is excluded, an integral to equation (6.1) presented by Adrian and 
Sanders (1992-93) is modified to  
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When kb < kr the BOD is zero when 
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and L = 0 for t > tc.  When kr < kb the BOD does not go to zero; this situation is not considered 
for Case II.  Equation (6.4) is applicable to wastewater flow in a channel when the benthic 
deposits are not decaying and adding BOD back to the flow. 
Sedimentation
BOD Decay
Resuspension
 
Figure 6.2.  Stream profile representation of Case II BOD removal by decay and sedimentation 
and addition by resuspension  
 
6.4.3 Case III:  BOD Removal by Decay with Benthic Addition  
When the net sedimentation rate is zero, but decaying benthic sediments add BOD to the 
overlying water the solution to equation (6.1) is  
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This transcendental equation cannot be solved directly for L as a function of t, instead the BOD 
concentration is an implicit function of time. However, for any value of L the time required to 
reach that value can be calculated.   
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There is no critical time at which all of the BOD is completely consumed as long as BOD 
is being added from the benthic sediments.  Instead, there is a steady state BOD concentration 
obtained from solving equation (6.1) and finding  
2
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k
L
L as =                                                           (6.8) 
A time at which this steady state concentration occurs, ts, is determined by studying the BOD  
 
consumption curves.   
BOD Decay
Benthic Deposits
 
Figure 6.3.  Stream profile representation of Case III BOD removal by decay and addition by 
benthic deposits    
 
6.4.4 Case IV:  BOD Removal by Decay Resuspension, Sedimentation, and Benthic 
Addition  
     
This case was not solved previously so its development will be presented in some detail.  
A new variable, L = x2, is introduced and equation (6.1) is rearranged to yield 
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where a = La/(kb  kr), b = -k1/2/(kb - kr) and c = 1.  Gradshteyn and Ryzhik (1980) show three 
different forms for the integral in equation (6.9) depending upon whether 4ac  b2 is positive, 
negative, or equal to zero.  The definitions of a, b, and c show each of the three cases has 
physical meaning.                                          
BOD Decay
Benthic Deposits
Resuspension Sedimentation
 
Figure 6.4.  Stream profile representation of Case IV:  BOD removal by decay and sedimentation 
with addition by resuspension and benthic deposits    
 
6.4.4.1 Case IVa (4ac  b2 < 0) 
In the usual situation in which BOD decay occurs while there is a net BOD removal from 
the stream by sedimentation, and benthic deposit decay adds BOD back into the stream, the term 
4ac  b2 may be negative with 4La / (kb  kr) < k1/22 / (kb  kr)2.  Equation (6.9) integrates to  
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 When decaying benthic deposits add BOD back to the flowing wastewater a steady state 
BOD concentration is eventually achieved.  At steady state the term dL/dt = 0 in equation (6.1).  
The substitution L = x2 produces a quadratic equation which is solved to yield 
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where Ls is the steady state BOD concentration.  For both kb < kr and kr < kb, the negative root is 
selected.  Then the steady state BOD becomes 
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6.4.4.2 Case IVb (4ac  b2 = 0) 
The term 4ac  b2 = 0 only if both k1/2 = 0 and La = 0, a rare situation that is conceivable 
if toxicity were present so that the benthic deposits and BOD in the stream would not decay, 
while sedimentation and resuspension continues to take place.  Equation (6.1) is integrated to  
     tkk rbeLL )(0
−
=        (6.13) 
When kb < kr, L does not become zero in a finite time.  When kr < kb the BOD increases 
continuously.  This case described by equation (6.13) has minimal practical significance. 
6.4.4.3 Case IVc (4ac  b2 > 0) 
The term 4ac  b2 would be positive if 4La/(kb kr) > [-k1/2/(kb  kr)]2.  In this case kb 
would be greater than kr, which would occur when benthic material was being scoured and 
resuspended as would occur during a flood event or during a hurricane when strong winds stirred 
up the water.  Gradshteyn and Ryzhik (1980) present the integral to equation (6.9) containing arc 
hyperbolic tangents 
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Equations (6.7), (6.10), and (6.14) contain the BOD concentration as an implicit function 
of time, in contrast to equations (6.2) and (6.4) in which BOD concentration is an explicit 
function of time.  In most applications one wants the BOD concentration as a function of time.  
One can develop a graph of BOD concentration versus time from equations (6.7), (6.10), and 
(6.14) by selecting a series of BOD concentrations and calculating the corresponding times, then 
plotting the graph.  There are constraints on the values of the BOD concentration that can be 
substituted into equations (6.7), (6.10), and (6.14).  The BOD concentration is constrained by L0, 
the maximum value, and Ls, the minimum value.  In theory an infinite time would be required to 
achieve a value of Ls.  Equation (6.13) does not have similar constraints. 
6.5 Half-Order DO Model Formulation  
The mass balance equation for dissolved oxygen can be developed.  The resulting 
differential equation is modified from Adrian and Sanders (1992-93) 
    BLkCCk
dt
dC
ss −−−=
2/1
2/1)(       (6.15) 
where C is the dissolved oxygen concentration, g/m3; Cs is the saturation dissolved oxygen 
concentration, g/m3; ks is the reaeration rate coefficient, day-1; and B is the volumetric rate of 
consumption of dissolved oxygen by benthic deposits, g/(m3day).  The solution to equation 
(6.15) is presented for BOD equations evaluated previously for Cases I, II, and III.  Case IV is 
partially examined.   
6.5.1 Case I:  BOD Removal by Decay Alone 
The solution to equation (6.15) when the BOD concentration is given by equation (6.2) is 
modified from Adrian and Sanders (1992-93) to yield 
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where tc = 2L01/2 /k1/2 and C0 is the initial dissolved oxygen concentration, g/m3.  When t > tc all 
of the BOD has been consumed so the solution to equation (6.16) is 
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where C(tc) is the value of C(t) from equation (6.16) when t = tc. 
6.5.2 Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
When the BOD concentration given by equation (6.4) is combined with equation (6.15) 
the solution presented by Adrian and Sanders (1992-93) is modified to yield 
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where tc is given by equation (6.5).  When t > tc, equation (6.17) is again applicable when C(tc) is 
evaluated from equation (6.18) with t = tc. 
6.5.3 Case III:  BOD Removal by Decay but with Benthic Addition 
When the BOD concentration given by equation (6.7) is combined with equation (6.15) 
the solution presented with DO as a function of BOD yields 
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A detailed definition of terms and development of equation (6.19) is provided in Appendix C.   
6.5.4 Case IV:  BOD Removal by Decay and Sedimentation but with Resuspension and 
Benthic Addition 
 
Adrian and Sanders (1992-93) do not solve for the dissolved oxygen concentration for 
Case IV when the BOD concentration is a function of decay, loss by sedimentation, and addition 
from benthic deposits.  The solution for this case is presented in detail.  The approach is to 
combine BOD equations (6.1) and DO equation (6.15) after eliminating time from each equation.  
The result is  
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Equation (6.20) is rearranged to form a differential equation for dissolved oxygen as a function 
of BOD  
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This equation has an integrating factor, designated as IF(L), which is 
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The integrating factor becomes 
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In application the shorthand IF(L) is used to denote the integrating factor rather than the 
cumbersome right side of equation (6.23).  Equation (6.21) then is written as 
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The limits of integration are: initial condition is C0 when L = L0 (the initial values correspond to 
the values of C and L for t = 0) and the intermediate values C = C(L) when L = L.  Equation 
(6.24) becomes 
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In standard form, the result is 
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Due to the complexity of the IF(L) term, there is little likelihood of evaluating 
analytically the above two integrals.  Instead, when applying equation (6.26) the integrals will be 
evaluated numerically.  A restriction on the range of the BOD concentration is necessary, as L 
has an initial value of L0 and the minimum value is Ls.  Case IV presents the interesting situation 
in which L0 could be smaller than Ls, equal to Ls, and larger than Ls, which is another way of 
stating that one should evaluate equation (6.1) when t = 0+ to determine whether dL/dt > 0, or 
dL/dt = 0, or dL/dt < 0.  The procedure involves evaluating the dissolved oxygen concentration 
as a function of the BOD concentration, then converting the dissolved oxygen concentration to a 
function of time while taking into account the three relationships of L0 to Ls. 
If the initial BOD concentration is Ls, then no change in the BOD concentration would 
occur as equation (6.1) would have dL/dt = 0 for all time.  The dissolved oxygen concentration 
will not be evaluated from equation (6.26) which is developed from equation (6.21) in which dL 
is a variable, but will be evaluated directly from equation (6.15), letting L = Ls, with the result 
that  
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6.6 Application of the Half-Order BOD and DO Models 
Consider a wastewater and receiving water stream that has the characteristics shown in 
Table 6.1.  Case I accounts for BOD decay but ignores sedimentation, resuspension, and benthic 
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addition.  Case II accounts for BOD decay and sedimentation is greater than resuspension but 
ignores benthic addition.  Case III accounts for BOD decay, sedimentation, resuspension, and 
benthic addition.  For Case III, the BOD concentration decreases until a steady state 
concentration is reached.  Cases IVa, b, and c explore the interactions of sedimentation, 
resuspension, decay, and benthic addition. Case IVa includes the situation with sedimentation 
being greater than resuspension and resuspension being greater than sedimentation.  Case IVb 
shows that toxicity has stopped BOD decay and benthic addition of BOD, while sedimentation 
and resuspension continue.  Case IVc explores the effects of resuspension and sedimentation 
rates, with resuspension being greater than sedimentation, while there are large BOD additions 
from benthic deposits during a storm or a hurricane.   
Critical parameters given by equations (6.3), (6.5), (6.8), and (6.12) are shown in Tables 
6.2, 6.3, and 6.4.  The averages of the critical parameters are shown in Table 6.5.  The BOD 
concentrations with increasing time are shown in the example section of this chapter for cases I, 
II, III, and IVa.  The BOD concentration is expected to decrease most rapidly to zero for Case II 
in which sedimentation acts to aid BOD removal.  It is expected to take a greater amount of time 
for the BOD concentration reach zero for Case I when BOD decay acts alone.  In Case III the 
addition of BOD from benthic deposits prevents the BOD concentration from reaching zero, 
although the value of La = 2.0 g/(m3 day) maintains a steady state BOD concentration.  The BOD 
concentration in Case IV also is unable to reach zero but a steady state BOD concentration, Ls, 
can be maintained.  There is no equation presented for the time in which the steady state BOD is 
reached, referred to as ts (days).  However, for the examples presented ts is obtained from the 
graphs by reading the time in which the BOD concentration levels off.  Case IV encompasses the 
entirety of circumstances presented in this study.  The subcases for Case IV are expected to 
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result in a wide range of BOD steady state concentrations and length of time required to reach 
these concentrations.   
Table 6.1.  BOD Decay, Sedimentation, Resuspension and Benthic Addition Characteristics. 
Case 
Initial BOD 
L0 
g/m3 
Reaeration 
Rate 
ks 
day-1 
Resuspension 
Rate 
kb 
day-1 
Sedimentation 
Rate 
kr 
day-1 
Benthic 
Addition 
La 
g/(m3 day) 
I 12.0 0.7 0.0 0.0 0.0 
II 
(kb < kr) 
12.0 0.7 0.1 0.2 0.0 
III 12.0 1.0 0.0 0.0 2.0 
IVa 
(kb < kr) 
12.0 1.0 0.1 0.2 2.0 
IVa 
(kr < kb) 
12.0 1.0 0.2 0.1 2.0 
 
 The following are examples of BOD decay curves and DO sag curves for some of the 
cases discussed in this study.  Examples of the BOD decay and DO sag curves for Cases I, II and 
III are created.  For Case IV, only Case IVa BOD consumption curves are created.   
Sampling plans previously established are also utilized in applications of the BOD and 
DO models.  This allows for even further testing of the sampling plans accuracy.  For 
comparison, curves for both the entire data set and the best suited sampling plan with 
corresponding k1/2 are plotted on the same graph. 
For the examples the initial BOD concentration, L0, is maintained at 12 g/m3.  Shown 
previously in this study, there is an overall increase in the rate constant with an increase in 
sample strength of the experimental glucose and glutamic acid mixture.  This can be seen in both 
the rate constant for the entire set of data and the sampling plan.  With L0 as a constant 
throughout, the influence of varying rate constants on the BOD decay and DO sag curves can be 
observed.   
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The examples for this chapter consider Cases I, II, III, and BOD decay curves for IVa.  
The resulting BOD and DO curves specific to each case and strength of experimental sample 
provide insight into the behavior of a wastewater at varying environmental conditions.   
Other parameters used for the examples include:  initial DO concentration C0 = 8.0 g/m3, 
saturation DO concentration Cs = 9.08 g/m3, and volumetric rate of consumption of dissolved 
oxygen B = 0.6 g/(m3day).  Parameters specific to individual cases are noted. 
6.6.1 Example 1:  10% Strength 
The rate constants, k1/2, obtained for the entire set of data, 2.536 g1/2/(m3/2day), and the 
sampling plan t1 = 1 and t2 = 3 days excluding runs, 3.194 g1/2/(m3/2day), are evaluated.   
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
The parameter specific to Case I is ks = 0.7 day-1. 
 
 
Figure 6.5.  Case I BOD decay curves for 10% strength using the rate constant, k1/2 with units of 
g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
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Figure 6.6.  Case I DO sag curves for 10% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
 
Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
 The parameters specific to Case II are kr = 0.2 day-1and kb = 0.1 day-1. 
 
 
Figure 6.7.  Case II BOD decay curves for 10% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.   
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Figure 6.8.  Case II DO sag curves for 10% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
 
 
 
Figure 6.9.  Case III BOD decay curves for 10% strength using the corresponding rate constants.  
The resulting steady state BOD concentrations, Ls in g/m3, are displayed.   
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Figure 6.10.  Case III DO sag curves for 10% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
 
Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
 
 
Figure 6.11.  Case IVa BOD decay curves for 10% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
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6.6.2 Example 2:  20% Strength 
The rate constant, k1/2, obtained for the entire set of data, 3.129 g1/2/(m3/2day), and the 
sampling plan t1 = 2 and t2 = 4 days excluding runs, 2.782 g1/2/(m3/2day), are evaluated. 
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
 
Figure 6.12.  Case I BOD decay curves for 20% strength using the rate constant, k1/2 with units 
of g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
 
 
 
 
Figure 6.13.  Case I DO sag curves for 20% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
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Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
 
 
Figure 6.14.  Case II BOD decay curves for 20% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.   
 
 
 
Figure 6.15.  Case II DO sag curves for 20% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
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Figure 6.16.  Case III BOD decay curves for 20% strength using the corresponding rate 
constants.  The resulting steady state BOD concentrations, Ls in g/m3, are displayed. 
   
 
 
 
Figure 6.17.  Case III DO sag curves for 20% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
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Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
 
 
Figure 6.18.  Case IVa BOD decay curves for 20% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
 
 
6.6.3 Example 3:  30% Strength 
The rate constant, k1/2, obtained for the entire set of data, 4.005 g1/2/(m3/2day), and the 
sampling plan t1 = 2 and t2 = 4 days excluding runs, 3.785 g1/2/(m3/2day), are evaluated. 
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
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Figure 6.19.  Case I BOD decay curves for 30% strength using the rate constant, k1/2 with units 
of g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
 
 
 
 
 
Figure 6.20.  Case I DO sag curves for 30% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
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Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
 
 
Figure 6.21.  Case II BOD decay curves for 30% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.   
 
 
 
Figure 6.22.  Case II DO sag curves for 30% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
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Figure 6.23.  Case III BOD decay curves for 30% strength using the corresponding rate 
constants.  The resulting steady state BOD concentrations, Ls in g/m3, are displayed.   
 
 
 
Figure 6.24.  Case III DO sag curves for 30% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
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Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
 
 
Figure 6.25.  Case IVa BOD decay curves for 30% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
   
6.6.4 Example 4:  40% Strength 
The rate constant, k1/2, obtained for the entire set of data, 4.530 g1/2/(m3/2day), and the 
sampling plan t1 = 1 and t2 = 3 days for all runs, 4.313 g1/2/(m3/2day), are evaluated. 
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
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Figure 6.26.  Case I BOD decay curves for 40% strength using the rate constant, k1/2 with units 
of g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
 
 
 
 
Figure 6.27.  Case I DO sag curves for 40% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
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Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
 
 
Figure 6.28.  Case II BOD decay curves for 40% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.   
 
 
 
Figure 6.29.  Case II DO sag curves for 40% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
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Figure 6.30.  Case III BOD decay curves for 40% strength using the corresponding rate 
constants.  The resulting steady state BOD concentrations, Ls in g/m3, are displayed.   
 
 
 
Figure 6.31.  Case III DO sag curves for 40% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
 
Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
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Figure 6.32.  Case IVa BOD decay curves for 40% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
 
6.6.5  Example 5:  50% Strength 
 
The rate constant, k1/2, obtained for the entire set of data, 5.041 g1/2/(m3/2day), and the 
sampling plan t1 = 3 and t2 = 5 days for all runs, 5.016 g1/2/(m3/2day), are evaluated. 
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
 
 
Figure 6.33.  Case I BOD decay curves for 50% strength using the rate constant, k1/2 with units 
of g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
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Figure 6.34.  Case I DO sag curves for 50% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
 
Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
 
 
 
Figure 6.35.  Case II BOD decay curves for 50% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.   
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Figure 6.36.  Case II DO sag curves for 50% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
 
 
 
 
Figure 6.37.  Case III BOD decay curves for 50% strength using the corresponding rate 
constants.  The resulting steady state BOD concentrations, Ls in g/m3, are displayed.   
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Figure 6.38.  Case III DO sag curves for 50% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
 
Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
 
 
Figure 6.39.  Case IVa BOD decay curves for 50% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
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6.6.6 Example 6:  60% Strength 
The rate constant, k1/2, obtained for the entire set of data, 4.786 g1/2/(m3/2day), and the 
sampling plan t1 = 3 and t2 = 5 days for all runs, 4.732 g1/2/(m3/2day), are evaluated. 
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
 
 
Figure 6.40.  Case I BOD decay curves for 60% strength using the rate constant, k1/2 with units 
of g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
 
 
 
 
Figure 6.41.  Case I DO sag curves for 60% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
 
Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
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Figure 6.42.  Case II BOD decay curves for 60% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.   
 
 
 
Figure 6.43.  Case II DO sag curves for 60% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
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Figure 6.44.  Case III BOD decay curves for 60% strength using the corresponding rate 
constants.  The resulting steady state BOD concentrations, Ls in g/m3, are displayed 
.   
 
 
Figure 6.45.  Case III DO sag curves for 60% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
 
Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
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Figure 6.46.  Case IVa BOD decay curves for 60% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
 
6.6.7 Example 7:  70% Strength 
The rate constant, k1/2, obtained for the entire set of data, 5.640 g1/2/(m3/2day), and the 
sampling plan t1 = 3 and t2 = 5 days for all runs, 5.483 g1/2/(m3/2day), are evaluated. 
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
 
 
Figure 6.47.  Case I BOD decay curves for 70% strength using the rate constant, k1/2 with units 
of g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
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Figure 6.48.  Case I DO sag curves for 70% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
 
Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
 
 
Figure 6.49.  Case II BOD decay curves for 70% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.   
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Figure 6.50.  Case II DO sag curves for 70% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
 
 
 
 
Figure 6.51.  Case III BOD decay curves for 70% strength using the corresponding rate 
constants.  The resulting steady state BOD concentrations, Ls in g/m3, are displayed.   
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Figure 6.52.  Case III DO sag curves for 70% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
 
Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
 
 
Figure 6.53.  Case IVa BOD decay curves for 70% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
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6.6.8 Example 8:  80% Strength 
The rate constant, k1/2, obtained for the entire set of data, 5.480 g1/2/(m3/2day), and the 
sampling plan t1 = 3 and t2 = 5 days excluding runs, 5.432 g1/2/(m3/2day), are evaluated. 
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
 
 
Figure 6.54.  Case I BOD decay curves for 80% strength using the rate constant, k1/2 with units 
of g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
 
 
 
 
Figure 6.55.  Case I DO sag curves for 80% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
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Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
 
 
Figure 6.56.  Case II BOD decay curves for 80% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.   
 
 
 
Figure 6.57.  Case II DO sag curves for 80% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
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Figure 6.58.  Case III BOD decay curves for 80% strength using the corresponding rate 
constants.  The resulting steady state BOD concentrations, Ls in g/m3, are displayed.   
   
 
 
Figure 6.59.  Case III DO sag curves for 80% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
 
Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
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Figure 6.60.  Case IVa BOD decay curves for 80% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
 
6.6.9 Example 9:  90% Strength 
The rate constant, k1/2, obtained for the entire set of data, 5.762 g1/2/(m3/2day), and the 
sampling plan t1 = 3 and t2 = 5 days excluding runs, 5.713 g1/2/(m3/2day), are evaluated. 
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
 
 
 
Figure 6.61.  Case I BOD decay curves for 90% strength using the rate constant, k1/2 with units 
of g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
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.. 12 Data Points:  
Ls = 0.137, ts = 2.347 
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Figure 6.62.  Case I DO sag curves for 90% strength using the corresponding rate constants.  The 
resulting BOD critical times, tc in days, are displayed.   
 
Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
 
 
 
Figure 6.63.  Case II BOD decay curves for 90% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.   
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Figure 6.64.  Case II DO sag curves for 90% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
 
 
 
 
Figure 6.65.  Case III BOD decay curves for 90% strength using the corresponding rate 
constants.  The resulting steady state BOD concentrations, Ls in g/m3, are displayed.   
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Figure 6.66.  Case III DO sag curves for 90% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
 
Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
 
 
Figure 6.67.  Case IVa BOD decay curves for 90% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
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.. 12 Data Points:   
Ls = 0.124, ts = 2.112 
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6.6.10 Example 10:  100% Strength 
The rate constant, k1/2, obtained for the entire set of data, 5.856 g1/2/(m3/2day), and the 
sampling plan t1 = 3 and t2 = 5 days for all runs, 6.031 g1/2/(m3/2day), are evaluated. 
Case I:  BOD Removal by Decay Alone (kb  kr = La = 0) 
 
 
Figure 6.68.  Case I BOD decay curves for 100% strength using the rate constant, k1/2 with units 
of g1/2/(m3/2day), calculated from the entire set of data and the best sampling plan.   
 
 
 
 
Figure 6.69.  Case I DO sag curves for 100% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
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Case II:  BOD Removal by Decay, Resuspension, and Sedimentation (kb < kr) 
 
 
 
Figure 6.70.  Case II BOD decay curves for 100% strength using the rate constant, k1/2, 
calculated from the entire set of data and the best sampling plan.   
 
 
 
Figure 6.71.  Case II DO sag curves for 100% strength using the corresponding rate constants.  
The resulting BOD critical times, tc in days, are displayed.   
 
Case III:  BOD Removal by Decay and Addition by Benthic Deposits 
The parameters specific to Case III are ks = 1 day-1and La = 2 g/m3/day. 
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Figure 6.72.  Case III BOD decay curves for 100% strength using the corresponding rate 
constants.  The resulting steady state BOD concentrations, Ls in g/m3, are displayed.   
 
 
 
 
Figure 6.73.  Case III DO sag curves for 100% strength using the rate constant, k1/2, calculated 
from the entire set of data and the best sampling plan.  The corresponding time of Ls occurrence, 
ts in days, is displayed.   
 
Case IVa:  BOD Removal by Decay and Sedimentation and Addition by Benthic Deposits 
and Resuspension  
The parameters specific to Case IVa are La = 2 g/m3/day, kb = 0.1 day-1and kr = 0.2 day-1 
for the situation in which kb < kr, and kb = 0.2 day-1and kr = 0.1 day-1 for the situation in which kr 
< kb. 
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Figure 6.74.  Case IVa BOD decay curves for 100% strength using corresponding rate constants.  
Resulting steady state BOD concentrations Ls (g/m3) and time reached ts (days) are displayed.   
 
 
Table 6.2.  BOD Critical Times for Case I and Case II.   
Case I Case II Strength 
(%) 50 Data Points 
tc (days) 
Sampling Plan 
tc (days) 
50 Data Points 
tc (days) 
Sampling Plan 
tc (days) 
10 2.732 2.169 2.561 2.059 
20 2.214 2.490 2.100 2.347 
30 1.730 1.830 1.659 1.751 
40 1.529 1.606 1.474 1.545 
50 1.374 1.381 1.329 1.336 
60 1.448 1.464 1.398 1.413 
70 1.228 1.264 1.192 1.225 
80 1.264 1.275 1.226 1.236 
90 1.202 1.213 1.168 1.177 
100 1.183 1.149 1.149 1.117 
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kb < kr
── 50 Data Points:   
Ls = 0.115, ts = 1.941 
.. 20 Data Points:   
Ls = 0.109, ts = 1.986
kr < kb
── 50 Data Points:   
Ls = 0.118, ts = 2.028 
.. 20 Data Points:   
Ls = 0.111, ts = 1.964 
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Table 6.3.  Steady State BOD Concentrations and Time of Occurrence for Case III. 
50 Data Points Sampling Plan Strength 
(%) Ls 
(g/m3) 
ts 
(days) 
Ls 
(g/m3) 
ts 
(days) 
10 0.622 6.000 0.393 5.021 
20 0.409 6.405 0.517 7.611 
30 0.250 3.591 0.280 3.861 
40 0.195 3.373 0.216 3.103 
50 0.158 2.820 0.159 3.092 
60 0.175 3.103 0.179 3.181 
70 0.126 2.244 0.134 2.165 
80 0.134 2.189 0.136 2.300 
90 0.121 2.476 0.123 2.413 
100 0.117 2.294 0.110 2.271 
 
 
 
Table 6.4.  Steady State BOD Concentrations and Time of Occurrence for Case IVa for kb < kr 
and kr < kb. 
 
kb < kr kr < kb 
50 Data Points Sampling Plan 50 Data Points Sampling Plan Strength 
(%) Ls 
(g/m3) 
ts 
(days) 
Ls 
(g/m3) 
ts 
(days) 
Ls 
(g/m3) 
ts 
(days) 
Ls 
(g/m3) 
ts 
(days) 
10 0.586 6.624 0.377 4.852 0.664 10.109 0.408 5.516 
20 0.393 5.213 0.492 6.350 0.426 5.516 0.545 7.186 
30 0.243 3.402 0.272 3.892 0.256 4.082 0.288 4.129 
40 0.191 2.796 0.211 3.113 0.199 3.550 0.220 3.593 
50 0.155 2.940 0.157 2.479 0.160 2.986 0.162 2.697 
60 0.172 2.714 0.176 2.706 0.178 3.004 0.182 3.232 
70 0.124 2.030 0.131 2.135 0.127 2.199 0.135 2.497 
80 0.131 2.167 0.134 2.301 0.135 2.238 0.137 2.347 
90 0.119 1.950 0.121 1.977 0.122 2.452 0.124 2.112 
100 0.115 1.941 0.109 1.986 0.118 2.028 0.111 1.964 
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Table 6.5.  Average Critical Parameters Calculated for BOD Equations for Entries from Table 
6.1. 
 
Critical Time 
tc 
(days)  
Steady State BOD 
Ls 
 (g/m3) 
Time of Ls 
ts 
(days) Case 
50 Data 
Points 
Sampling 
Plan 
50 Data 
Points 
Sampling 
Plan 
50 Data 
Points 
Sampling 
Plan 
Equation 
Applied 
I 1.590 1.584 NA NA NA NA (6.3) 
II 
kb < kr 
1.526 1.521 NA NA NA NA (6.5) 
III NA NA 0.231 0.255 3.450 3.502 (6.8) 
IVa  
kb < kr 
NA NA 0.233 0.218 3.178 3.179 (6.12) 
IVa  
kr < kb 
NA NA 0.239 0.231 3.816 3.527 (6.12) 
 
6.7 Conclusions 
 Case I considers only BOD removal by decay.  A review of the collected data for the 
BOD critical times, tc, shown in Table 6.2 displays an obvious trend.  With an increase in sample 
strength there is an increase in the rate constant, k1/2.  Since L0 is kept constant throughout the 
examples tc has an overall decrease with increasing strength.  Therefore, it can be concluded that 
with an increase in k1/2 less time is required for the BOD to be fully exhausted.   
 Case II considers removal of BOD by decay and sedimentation but takes into account an 
addition of BOD by resuspension.  For the evaluated case, Case II, the amount of sedimentation 
is greater than that of resuspension.  Table 6.2 for Case II displays an overall similarity to Case I, 
an increase in k1/2 resulting in a decrease of tc.  However, for Case II the BOD critical times are 
reached in a shorter period of time.  It can be concluded that the added removal by sedimentation 
allows for a more rapid exhaustion of BOD. 
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 Case III involves BOD removal by decay and addition from benthic deposits.  BOD 
resuspension and sedimentation is not taken into account.  A different approach is required to 
formulate models in this case.  BOD decay can not be formulated as a function of time but can be 
solved by time as a function of BOD.  In this study benthic deposits are assumed to continuously 
contribute BOD; therefore, there is no time in which the BOD is fully exhausted.  However, a 
steady state of BOD, Ls, is reached.  In review of the examples presented, the values of Ls shown 
in Table 6.3 are at a very small concentrations ranging from 0.622 down to 0.110 g/m3.  Even the 
high end of the Ls range is close to zero.  The amount of BOD contributed by benthic deposits, 
La, is kept at 2 g/(m3 day).  If a situation was to occur in which La was at a higher level, i.e., 
more than 5 g/(m3 day),  the DO concentration will fall in the negative range.  Even though this 
is unrealistic it is a cause for concern.  With this small increase in La a receiving water body, 
especially with a higher rate constant, would be devoid of oxygen.  Case III displays an overall 
trend similar to Cases I and II.  The amount of time to reach a steady state BOD concentration 
decreases with an increase in the rate constant.   
 For Case IV examples only consider BOD decay curves for Case IVa.  This allows for a 
comparison against the previously presented cases.  Like Case III, Case IVa takes into account 
BOD addition by benthic deposits but has the added consideration of resuspension-sedimentation 
gradients.  Due to the fact that benthic deposits are continuously contributing to the BOD 
concentration, the BOD will not reach zero.  Steady state BOD concentrations and the time they 
occur for Case IVa are displayed in Table 6.4.  This table shows that a longer length of time is 
needed to reach the BOD saturation concentration when resuspension is greater than 
sedimentation.  The increased amount of time is not substantial.  This is most likely a result of 
such a small difference between the chosen values for sedimentation and resuspension.   
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6.8 Recommendations 
 Through evaluation of the BOD and DO curves, it can be recommended that a wider 
variety of constants should be used.  For example, a higher range of the initial BOD 
concentration will allow for more options when trying to mock a real life circumstance.  Also, 
model equations with DO as a function of distance would complement this study.  The equations 
constructed in this study could then be implemented in a whole new light.  A snap shot of the DO 
concentration along the length of a receiving water body can be erected.   
 This study does not solve for the DO sag curves for Case IV.  Case IV involves multiple 
combinations of the solved cases.  Since all of these cases are able to be solved individually, as a 
whole it is clear that Case IV is solvable.  Work is recommended for future studies on Case IV.   
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CHAPTER 7. CONCLUSIONS 
The resulting applications of this study provide a greater insight into the characteristics of 
half-order BOD behavior.  Often in the shadow of the better know first-order reaction, the half-
order BOD models can now be utilized in applicable situations.   
This study provides a method of designing sampling plans that will eliminate costs 
incurred by taking unnecessary samples.  The results of chapter 5 provide a simple approach to 
designing sampling plans.  The method to determine parameters that will accurately describe the 
wastewater depends on an appropriate assumption of the time the BOD is exhausted.  It is 
important that this time is not too long or short in length that the wastewater cannot be accurately 
described.  Therefore, experimental analysis of the wastewater is necessary before any field 
applications are to be planed.  If a wastewater is suspected to behave according to half-order 
kinetics sampling for the experimental analysis should follow the recommended guidelines 
presented in this study.  The BOD following half-order behavior has been shown to be exhausted 
quite rapidly; therefore, any experimental analysis should take this into account.   
The analyses of the evaluated sampling plans appear to give accurate results.  Overall, the 
joint confidence regions and parameter estimates resulting from the sampling plans show that 
they are well suited to accurately describe the wastewater.   
This study also provides BOD and DO models following half-order kinetics.  The models 
take into account various cases that may be experienced in real world situations.  BOD reduction 
by decay and sedimentation and BOD addition by resuspension and benthic deposits are all 
considered.  Applications presented for the models provide a depiction of the concentration BOD 
and DO verse time.  Resulting critical parameters for the cases behave in a manner that is to be 
expected when the varying environmental situations are taken into account.   
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The applications of the BOD and DO models also incorporate the sampling plans 
established in this study.  In reviewing the model applications, the sampling plans prove to be 
accurate in describing the wastewater.  As the percent strengths increase, there is little difference 
between the curves for the entire data set and those of the sampling plan.   
In conclusion, this study presents an efficient method to obtain accurate parameters to 
describe a wastewater and models to appropriately apply these parameters for a variety of cases 
that may be encountered.   
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APPENDIX A.  REINING (1967) DATA 
In Reining (1967) data reported as percent strength of the BOD exerted at the fifth day of 
sampling for 100% strength 
Table A.1.  Reinings Reported Data of BOD Exerted, g/m3 
Day Strength 
(%) Run 1st 2nd 3rd 4th 5th 
1 8.6 9.3 10.3 10.7 12.0 
2 6.4 7.4 7.7 7.7 7.7 
3 6.5 9.2 9.2 9.6 9.8 
4 6.0 8.9 9.2 9.4 9.4 
5 4.9 8.3 9.0 9.2 9.2 
6 4.1 9.2 9.6 9.6 9.6 
7 6.7 8.5 8.7 8.7 9.9 
8 7.3 7.8 8.0 8.4 9.1 
9 5.4 7.9 8.3 9.1 9.8 
10 
10 7.3 8.1 9.5 10.2 12.1 
1 10.3 20.0 20.0 20.0 20.0 
2 12.9 14.8 15.5 16.1 16.8 
3 9.7 21.6 22.2 22.6 23.4 
4 8.5 19.2 20.5 20.7 24.7 
5 6.5 14.7 17.5 18.8 21.6 
6 8.8 16.4 18.8 19.6 22.3 
7 13.2 15.0 16.5 17.1 17.6 
8 8.1 9.3 13.4 18.0 18.1 
9 6.5 8.3 11.5 12.9 17.1 
20 
10 10.2 13.5 19.3 20.0 21.2 
1 21.4 28.3 31.0 31.7 31.7 
2 17.7 19.5 20.6 20.6 20.6 
3 14.9 28.6 29.7 30.0 30.9 
4 9.4 24.0 26.2 26.9 27.2 
5 6.1 20.8 24.5 26.5 30.6 
6 11.5 25.0 28.8 28.8 28.8 
7 7.8 21.0 28.5 31.1 36.0 
8 10.3 22.0 27.8 27.8 27.8 
9 23.0 25.2 29.3 32.0 34.5 
30 
10 19.5 26.0 28.3 30.0 33.4 
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Table A.1.  cont. 
 
1 25.5 35.2 35.8 36.2 36.5 
2 32.1 32.1 33.8 36.5 38.7 
3 16.0 40.0 41.1 43.0 43.0 
4 8.7 35.3 40.6 41.8 42.1 
5 8.2 29.4 34.7 37.2 42.8 
6 10.8 29.6 33.5 35.4 39.6 
7 23.4 27.8 33.4 34.8 34.8 
8 17.5 29.3 36.7 40.0 40.6 
9 15.2 36.0 41.3 44.0 44.2 
40 
10 7.2 28.9 36.7 40.0 41.3 
1 26.2 49.6 50.0 51.6 53.0 
2 33.9 38.7 40.0 40.0 41.6 
3 14.3 45.6 51.4 51.4 53.6 
4 6.2 37.4 48.4 50.1 50.1 
5 11.4 37.5 46.6 47.7 53.8 
6 12.3 35.8 42.4 43.0 47.3 
7 25.8 44.1 50.0 53.4 53.4 
8 24.7 45.0 50.0 50.0 50.7 
9 15.2 37.0 44.3 46.0 48.2 
50 
10 9.3 34.2 49.0 49.5 49.5 
1 29.0 52.4 55.1 55.9 56.6 
2 41.9 48.4 49.6 53.0 55.5 
3 9.7 51.4 57.2 57.2 59.4 
4 4.4 35.0 51.0 56.0 59.0 
5 10.2 37.5 47.0 50.6 56.4 
6 11.8 43.1 51.9 56.8 61.5 
7 28.3 36.5 55.9 67.2 72.0 
8 15.2 38.1 45.3 57.5 63.0 
9 24.1 41.3 49.5 55.3 58.3 
60 
10 12.1 49.0 53.1 57.8 61.0 
1 22.8 51.6 63.5 68.2 69.0 
2 38.7 58.0 62.6 64.5 68.3 
3 16.0 65.8 74.3 75.4 78.9 
4 21.5 49.0 67.2 71.5 74.5 
5 23.6 57.2 63.2 67.4 75.4 
6 30.6 65.4 71.1 75.0 78.3 
7 30.6 52.3 59.5 64.0 66.0 
8 27.8 50.0 55.7 60.0 63.0 
9 17.2 36.0 49.5 56.7 64.2 
70 
10 15.3 51.0 57.5 60.0 62.0 
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Table A.1.  cont. 
 
1 31.0 71.0 80.0 82.6 84.0 
2 51.6 69.5 71.0 74.2 77.4 
3 13.8 77.0 80.5 88.9 91.5 
4 35.0 47.1 74.5 81.8 83.5 
5 8.1 61.1 71.4 75.5 79.5 
6 16.1 60.8 75.0 80.6 84.5 
7 15.1 53.8 70.5 75.8 78.0 
8 12.2 39.5 53.6 67.8 71.0 
9 15.0 57.1 63.2 72.1 76.2 
80 
10 8.1 42.3 65.1 74.0 75.0 
1 33.1 80.6 83.5 86.2 89.6 
2 16.1 58.0 77.4 83.9 90.4 
3 16.6 63.9 95.5 95.5 95.5 
4 25.0 61.0 85.0 87.2 88.0 
5 20.0 61.0 77.5 85.6 98.0 
6 38.5 87.0 89.0 91.5 92.0 
7 24.1 68.0 75.0 82.3 86.0 
8 18.2 49.3 71.2 82.3 85.2 
9 23.5 57.8 69.0 80.0 88.5 
90 
10 17.5 53.1 75.4 85.0 91.3 
1 46.2 90.4 93.6 96.5 205 
2 29.0 83.8 93.5 96.5 232 
3 26.6 88.9 95.5 97.2 198 
4 12.7 64.4 85.9 96.4 240 
5 8.1 64.1 81.5 94.0 215 
6 23.1 65.4 77.0 90.5 230 
7 17.6 75.1 82.3 94.1 228 
8 23.2 62.1 81.3 92.1 235 
9 15.2 65.0 78.3 94.1 195 
100 
10 28.6 61.3 80.0 92.3 223 
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APPENDIX B.  EVALUATION OF REINING (1967) TO HALF-ORDER MODEL 
Reinings transformed BOD data, Table 3.1, is plotted against half-order BOD model, 
equation (4.1). 
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APPENDIX C.  CASE III DO SAG MODEL DEVELOPMENT CALCULATIONS 
The DO concentration when kb  kr = 0, Case III, is solved for indirectly by eliminating 
time from equations (6.1) and (6.15) to leave 
   
asss LLk
dL
BCkLkCk
dC
+−
=
−+−− 2/12/1
2/1
2/1
      (C.1) 
which is rearranged to the standard form for a first order, linear, nonhomogeneous, differential 
equation 
a
sss
LLk
BCkLkCk
dL
dC
+−
−+−−
= 2/1
2/1
2/1
2/1       (C.2)  
which rearranges to  
dL
LLk
Lk
dL
LLk
BCk
dLC
LLk
k
dC
aa
ss
a
s
+−
−
+−
−
=
+−
+ 2/1
2/1
2/1
2/1
2/1
2/1
2/1
2/1
    (C.3)  
 
Before calculating the integrating factor the order of the term 
aLLk
Lk
+− 2/12/1
2/1
2/1 is reduced.  So the 
term becomes 
a
a
a LLk
L
LLk
Lk
+−
+−=
+− 2/12/1
2/1
2/1
2/1
2/1 1  
Equation (C.3) is now 
( ) dL
LLk
L
LLk
dLBCkdLC
LLk
k
dC
a
a
a
ss
a
s






+−
+−−
+−
−=
+−
+ 2/1
2/1
2/1
2/1
2/1
2/1
1  (C.4) 
Combining terms, equation (C.4) becomes 
( ) dL
LLk
dLLBCkdLC
LLk
kdC
a
ass
a
s +
+−
−−=
+−
+ 2/1
2/1
2/1
2/1
     (C.5)  
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Further reduction can be made by making the coefficient of the term aLLk +−
2/1
2/1  equal to 
one 












−−=+−
2/1
2/1
2/1
2/1
2/1 k
LLkLLk aa . 
Equation (C.5) is now 
dL
k
L
L
dL
k
LBCk
k
L
L
dLC
k
k
dC
a
ass
a
s +
−
−−
−=
−
−
2/1
2/12/1
2/1
2/12/1
       (C.6)  
The integrating factor, I.F, for equation (C.6) can now be calculated.   
∫
=
−
−
2/1
2/12/1
.. k
L
L
dL
k
k
a
s
eFI          (C.7) 
For simplification, a change in variable can be made.  Let dXXdLXL 2,2 == .  Also, let 
2/1k
LA a= . 
Therefore, 
∫
=
∫
=
−
−−
−
AX
dXX
k
k
k
L
X
dXX
k
k
sa
s
eeFI 2/12/1
2/1 2
2
..        (C.8)  
Reducing the order of the term in the integral 
AX
A
AX
X
−
+=
−
1  lets the integrating factor 
becomes 
( ) Xk
k
k
Ak ss
eAXFI 2/12/1
2
2
..
−
−
−=        (C.9)  
For consistency, the independent variable in equation (C.6) is changed from L1/2 to X.  Equation 
(C.6) is now 
( ) dXXdX
AX
A
k
LBCk
AX
dXCX
k
kdC asss 2122
2/12/1
+





−
+
−−
−=
−
−   (C.10)  
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Simplifying the constants, let 
2/1
* 2
k
kB s=  and ( )
2/1
2
k
LBCkD ass −−= . 
Equation (C.10) becomes 
dXXdX
AX
ADdXC
AX
XBdC 211* +



−
+−=
−
−   (C.11)  
The integrating factor is updated to  
( ) XBAB eAXFI **.. −−−=      (C.12)  
Applying the updated integrating factor (C.12) to equation (C.11) 
( ) ( )
( ) ( ) dXeAXXdXeAX
AX
AD
dXCeAX
AX
XBdCeAX
XBABXBAB
XBABXBAB
****
****
211
*
−
−
−
−
−
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−
−
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
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−
+−=
−
−
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  (C.13)  
This equation becomes 
( )[ ] ( ) ( )
( ) dXeAXX
dXeAXDAdXeAXDCeAXd
XBAB
XBABXBABXBAB
**
******
2
1
−
−
−
−−
−
−
−
−
−+
−−−−=−   (C.14)  
 
Examine the limits of integration for equation (C.14).  L0 occurs when C = C0; therefore, in terms 
of X and C, X0 = L1/2 and C(X0) = C0.  Now integrate equation (C.14) from X0 to X 
( )[ ] ( )
( ) ( )∫∫
∫∫
−
−
−
−−
−
−
−
−
−+−−
−−=−
X
X
XBAB
X
X
XBAB
X
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XBAB
X
X
XBAB
dXeAXXdXeAXDA
dXeAXDCeAXd
0
**
0
**
0
**
0
**
21
   (C.15)  
The left side is readily integrated.  In order to solve equation (C.15), the integrals on the right 
side are broken up. Let 
( )∫ −−−=
X
X
XBAB dXeAXXI
0
**
)(1      (C.16)  
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** 1
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( )∫ −−−=
X
X
XBAB dXeAXXXI
0
**
)(3      (C.18)  
First examine ( )XI1 , equation (C.16).  For easier calculation make a change in variable allowing 
AXy −= , AyX += , and dXdy = . 
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−
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0
***
0
**
)(1     (C.19)  
Now let yBu *= , *B
uy = , and *B
dudy =  
∫∫
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Now examine ( )XI 2 , equation (C.17).  Let AXy −= , AyX += , and dXdy = . 
( ) ( ) ∫∫
−
−
−−−−−
−−
−
=−=
AX
AX
yBABAB
X
X
XBABAB dyeyedXeAXeXI
0
***
0
*** 11
2   (C.21)  
Make a change in variable, yBu *= , *B
uy = , and *B
dudy = . 
( ) ∫∫
−
−
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Now examine ( )XI3 , equation (C.18).  Let AXy −= , AyX += , and dXdy = .  Note that 
when AXyXX −== 000 , .  Equation (C.18) is now 
( ) ( )
∫∫
∫
−
−
−−−
−
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−+−−
−
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+−−
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AX
AX
yBABAB
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)(
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    (C.23)  
Then equation (C.23) is equivalent to 
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Evaluate ( )XI 4 , equation (C.25).  Let yBu *= , *B
uy = , and *B
dudy = . 
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Substitute ( )XI 4 , equation (C.26), into equation (C.24) to evaluate ( )XI3 . 
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Now return to equation (C.15) to substitute in the integrals and evaluate the integral on the left 
side. 
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Then equation (C.28) becomes 
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Now rearrange equation (C.29) to solve for C(X). 
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The definite integrals within equation (C.30) are solved by utilizing series solutions.  The 
term ue− is expanded into a series and then divided by bu where b is the appropriate power for the 
integral being evaluated.  The generic form of the integral to be evaluated is 
∫
−
−
−AX
AX
b
cu
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u
e
0
       (C.31)  
 where 0=u  is excluded and 1=c  for this specific situation.   
Here the exponential  
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has the series representation  
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Now reviewing the expression 
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Integrate the series while ignoring the constant of integration 
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The integrated series is an absolutely convergent series. 
To keep consistent with DO sag equations for previous cases, the equation is put back 
into terms of BOD, 2/100
2/1 , LXLX == .  With the presented method for solving the integrals, 
equation (C.30) becomes 
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(C.36)  
For many applications 1=c . 
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